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Testing  for the  existence of u n it root is im p o rta n t because different asym pto tic  theory  of 

inference applies depending on w hether the  series has a  un it root o r  no t. In the  d issertation , 

several new tests  for s ta tio n a rity  and trend  s ta tio n a rity , as well as a  new test for un it roo t, are 

developed. T h e  new tests developed in the d issertation  all have som e properties superior to  the 

existing tests.

T ests  for p aram eter stab ility  also have power aga inst th e  un it root hypothesis. W e 

exam ine th e  power o f the CUSUM te s t an d  the p aram eter f luctuation  test. The case o f a  break 

trend  an d  the issues concerning the selection of the break point are also discussed. W e propose a  

new adap tive  es tim a to r o f the long run variance th a t im proves th e  asym pto tic  power o f the 

tests. O ur tests tak e  s ta tio n a rity  as the  null hypothesis.

W e also propose a  test for trend  s ta tio n a rity  against the u n it root th a t does n o t require 

th e  es tim ation  of the  long run variance. O ur test takes s ta tio n a rity  as the  null hypothesis, and 

it is consistent a t  th e  ra te  of th e  sam ple size. T he asym pto tic  d is trib u tio n  of the  te st s ta tis tic  

under th e  null is s tan d ard  Cauchy.

In an o th er chap ter, we in troduce a  new transform ation  o f the Dickey-Fuller s ta tis tic  

th a t  does no t require the estim ate o f the long run variance. O ur new test is still consistent. 

F inally , all o f th e  new tests are applied to  the extended Nelson-Plosser m acroeconom ic tim e 

series.
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C H A P T E R  1 

IN TR O D U CTIO N

1.1 In troduction  and M otivation

Ever since the publication of the influential s tudy  of Nelson and  Plosser (1982) on the 

u n it roo t behavior of economic tim e series, there has been intense in terest in econom etric 

m odeling involving un it root processes.

T he  un it root behavior is both theoretically relevant and em pirically im p o rtan t. A un it 

roo t in certain  economic tim e series is implied by some in tertem poral m odels of economic 

behavior: for exam ple, m arginal u tility  of consum ption, cf. Hall (1978); stock prices, cf. 

Sam uelson (1973); foreign exchange rate , cf. Meese and  Singleton (1983). Interestingly, the  

absence of a  u n it roo t in linear com binations of certain  economic tim e series (cointegration) is 

also suggested by economic theory: for exam ple, the  spot price an d  forward price of a  financial 

asset, cf. Hakkio and Rush (1989); stock price and dividend, cf. Cam pbell and  Shiller (1987); 

labor income and  consum ption, cf. Cam pbell (1987).

T he dissertation is concerned w ith testing for unit root and  s ta tio n a rity  in tim e series. 

S tric tly  speaking, the “s ta tio n a rity ” of a  stochastic process requires th a t  the underlying 

p robab ility  m easure does not change over tim e. B u t unless otherw ise s ta ted  in th is  d issertation , 

th e  “s ta tio n a rity ” of a  tim e series only requires th a t  i t  satisfies certain  F unctional C entral L im it 

Theorem s, cf. Theorem  2.2.4.

T he asym pto tic  theory of inference invariably involves the  use of various C entral L im it 

T heorem s (C L T ’s). Different C L T ’s are used depending on w hether the stochastic  process has a

1
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u n it roo t or not. In the  case of sta tionarity , classical C LT’s are applicable. But in the  case of a  

u n it root, Functional C entral L im it Theorem s (FC L T ’s) need to  be used.

T he  existing tests  for un it root have several drawbacks. F irst of all, m ost of the existing 

tests  take the  un it root as  the null model and sta tionarity  as the  a lte rna tive  model. T his is fine 

for testing  econom ic theory  th a t im plies unit root behavior. As a  test for economic theory th a t 

im plies s ta tio n a rity  (e. g. coin tegration), it pu ts the theory a t  a  severe d isadvantage. Secondly, 

th e  asym pto tic  theory requires the estim ation of the long run variance, which m ay not behave 

well in fin ite  sam ples. T hird ly , the existing test for sta tionarity  is consistent a t  a  ra te  slower 

th a n  the  sam ple size, which affects the asym ptotic power of the tests.

1.2 O bjective and M ethodology

T h e purpose of th is  d issertation  is to develop several new tests for s ta tio n a rity  and  unit 

roo t th a t  have superior finite and large sam ple properties over the existing tests.

W e are going to  use the theory of weak convergence on m etric spaces, cf. Billingsley 

(1964). Using the theory  of quad ra tic  forms of norm al random  variables, Dickey and Fuller 

(1979) established the finite sam ple and asym ptotic d istributions of the ir tests for un it root 

under a  restrictive I.I.D . norm ality  assum ption. As shown by Phillips (1987), the theory of 

weak convergence can be applied to  more general stochastic processes, for exam ple, mixing 

process.

1.3 O utline o f the D issertation

C hap ter 1 is an  introduction .

In C hap ter 2, we briefly review the basic probability theory, introducing the concept of 

a  m ixing process, and the  Functional C entral L im it Theorem s (F C L T ’s). T hen  we use the 

F C L T ’s to  derive the asym pto tic  d istribution  of the Dickey-Fuller class o f  tests for un it root
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w ith general determ inistic trend. YVitli th is characterization  of the asym pto tic  d istribu tion  of 

the tests  for u n it root, we then review and  contrast the existing tests  for un it root.

T here  has been a  large lite ra tu re  on testing  for s truc tu ra l stab ility  o f  regression 

coefficients. T h e  existing tests can be classified in to  three categories. T he first is the  CUSUM 

tests  using recursive residuals. T he second is based on the fluctuation  of param ete r estim ates 

over subsam ples. T he th ird  assum es th a t the coefficients evolve as a  random  walk over tim e; it 

then  tests  th e  variance of innovations to  the  random  walk being zero. Using results on  spurious 

regression, we show th a t tests for param eter stab ility  also have power against th e  un it root 

hypothesis, b u t an es tim ate  o f the long run variance is needed to  im plem ent th e  test. T he 

conventional m ethod of estim ating  the long run variance im pairs the power o f  the  test. 

Therefore, we propose a  new adap tive  estim ato r of the long run variance th a t enhances the  

asym pto tic  power of the tests. O ur tests take s ta tio n a rity  as the null hypothesis. M onte C arlo 

sim ulation  is conducted to  study the finite sam ple properties o f the tests. T h is  m akes up  

C hap ter 3.

Using results on spurious regression and generalizing the  C auchy test of Bierens (1991a), 

we propose a  test for trend  s ta tio n a rity  against the un it root th a t  does no t require the  

estim ation  o f the  long run variance. O ur test takes s ta tio n a rity  as the null hypothesis, and  the  

u n it roo t as  the  alternative  model. It is consistent a t  the ra te  of the sam ple size. So it should 

be m ore powerful asym ptotically  than  the  existing tests for s ta tio n a rity . Since the  asym ptotic 

d is tribu tion  of the  test sta tistic  under the null hypothesis is s tan d ard  C auchy (S tudent t  

d is trib u tio n  w ith  one degree of freedom ), tabu la tion  of critical values by sim ulation  is not 

necessary. T he  asym pto tic  d is tribu tion  under the null hypothesis does no t depend on th e  

a lte rn a tiv e  m odel aga inst which the null is tested. Therefore our new test avoids m ost of the  

problem s w ith  the trad itional tests. M onte Carlo sim ulation  is conducted to  study  the finite 

sam ple properties of the tests. T his m akes up C hap ter 4.

3
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T h e Phillips-Perron transform ation  of the D ickey-Fuller test s ta tis tics  for u n it root 

requires an  es tim ate  of the long run variance. Because the long run  variance is th e  sum  of an  

infinite num ber o f autocovariances, its estim ate has to be tru n ca ted  in fin ite sam ples. T his 

trunca tion  can m ake th e  finite sam ple estim ate  unreliable. In C h ap te r 3, we propose a  new 

transfo rm ation  of the Dickey-Fuller s ta tis tic  th a t does no t require the  es tim a te  of the  long run 

variance. Y et our new test is still consistent. T he finite sam ple properties of the  te st are 

investigated  w ith M onte Carlo sim ulation.

In C hap te r 6 , all the tests developed in the d issertation  are applied  to  the  Nelson and 

Plosser (1982) m acroeconom ic tim e series extended up to  1988. In C h ap te r 7, we sum m arize 

and  conclude.

1.4 N otational C onventions

W e will follow the nota tional conventions in the lite ra tu re , cf. Phillips (1987) and 

Phillips and  Perron (1988). In particu lar, note the following. Rk s ta n d s  for k dim ensional 

Euclidean space. W (r) s tands for stan d ard  Brownian m otion on the  u n it in terval [0, 1]. => 

denotes weak convergence. — denotes convergence in probab ility . denotes convergence

alm ost surely. All in tegrals are taken over the interval [0, 1], unless otherw ise specified; 

in tegrals w ith respect to  the Lebesgue m easure such as jQ rW (r)d r  and  Jo f(r)d r, a re  often 

w ritten as J  rW  and  J  f. T he index for sum m ation  is t, and the range of sum m ation  is from  1 

to  T . All lim its are taken for T  — oo. Upper case letters, such as {Yt}, denote a  stochastic 

process; lower case letters, such as {yt }, denote a  realization o f {Yt }. A functional is understood 

to  be a  function  o f a  function.

4
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C H A P T E R  2 

LITER A TU R E REV IEW

2.1 In troduction

Box and  Jenk ins (1976) system atized tim e series model identification using sam ple

au tocorre la tions and  p artia l autocorrelations. Their m ethod is in tu itive  and  easy to  follow.

T heir prescription for detecting nonsta tionarity  is,

failure o f the  estim ated  autocorrelation  function to  die ou t rapidly  m ight logically suggest 
th a t  we should trea t the underlying stochastic process as nonsta tionary  [...], b u t possibly as 
s ta tio n a ry  in [first difference], or in some higher difference (p. 175).

They fu rthe r em phasized th a t,

it is the  failure o f the estim ated autocorrelation function to  die o u t rapidly  th a t suggests 
nonsta tionarity . It need not happen th a t the estim ated  correlations are extrem ely high even 
a t  low lags (p. 175).

T he concept o f “d ie ou t rapidly” is very vague; its unwise use can lead to  incorrect trea tm en t of 

the series o f in terest, i. e. differencing the series while it is already sta tionary , or assum ing 

sta tio n a rity  while it needs to  be differenced. Because the asym pto tic  theory of inference for 

sta tio n a ry  process an d  nonstationary  process is very different, the incorrect trea tm en t o f the 

tim e series o f in te rest can lead to  serious problem s.

For th e  sim ple AR(1) model,

(2.1.1) X t =  pXt.j +  u t u t ~  IID(0, <72)

the  least squares es tim ate  of p  is,

(2-1.2) p  =  ^ = 2 X tXl. 1/ET= 2X2 j.

5
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W e have the following asym pto tic  results on p depending on the  true autoregressive coefficient 

P-

(i) If |p | <  1, then X t is sta tionary . For fixed x0, >JT(p -p )  is asym pto tically  norm al, cf.

M ann and W ald (1943).

(ii) If p  =  1, then X t has a  un it root. The asym pto tic d is tribu tion  o f T (p - l)  is non-norm al 

and  can be expressed as a  functional of a  Brownian m otion, cf. W hite  (1958), Dickey 

and Fuller (1979), Phillips (1987).

(iii) If |p | >  1, th en  Xt is explosive. For xo= 0 , |p |T (p-p) is asym pto tically  C auchy, cf. 

W hite  (1958).

Therefore the  asym pto tic  d istribu tion  theory is very different depending on w hether p  is inside, 

on or outside th e  un it circle.

All p aram ete r estim ato rs are functions of the da ta . Therefore to  study  the  asym ptotic 

behavior of p  given in (2.1.2), first, we need to  study  the asym pto tic  behavior of Xt . Let Xt be 

generated by,

G iven th a t X 0  is a  random  variable not. related to  t ,  the asym pto tic  properties of X t is the same 

as th a t of Ej= 1Uj. In w hat follows, we assum e X0 =  0 for sim plicity .

Define the q u an tity ,

where [•] here m eans the  integral truncation  operator. For fixed T  and r, XjTrj is a  random  

variable; for fixed T , X[T|.j is a  random  function in r. So in order to  develop an  asym ptotic

(2.1.3) Xt =  pX t. t +  ut , p  =  1

then

(2.1.4)

x [Tr] =  s [ l ‘K ,  r €  [0 , 1]

<j
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theory for X[Trj, we need to  study  random  functions.

In order to  understand the litera tu re  on un it root, som e knowledge o f F C L T ’s is 

necessary. In Section 2.2, we first review the basic probability  theory on m etric  spaces, and  

in troduce the F C L T ’s and  the concept of a  m ixing process. In  Section 2.3, we discuss the 

represen tation  of determ in istic trend. In Section 2.4, we derive the  asym pto tic  d is tribu tion  of 

the D ickey-Fuller class of te s ts  for un it root under general conditions. In Section 2.5, we review 

the lite ra tu re  on u n it root tests.

2.2 Review of P robability  Theory

In the following, we present some basic probability  theory on random  elem ents of m etric 

spaces; then  the theory will be specialized to  establish the F C L T 's which is th e  building block of 

asym pto tic  theory for unit root processes.

2.2.1 Some In troducto ry  P robability  Theory

Let ( 0 ,5 ,P) be a  probability  space, and  be a  m easurable space. W e are going to

study  m appings from  0  to

D efinition 2.2.1

A m apping X: 0  i— ® is 5|Q m easurable if 

{ w e n | x ( w )  e G )  =  F e  i , v g  e  g.

If  X is 'FIQ m easurable, then X is called a  random  elem ent on ( 0 ,5 ,P).

T he set G is called the  im age of the set. F under the m apping  X, denoted as G =  X (F ), and F  is

called the  inverse im age of G under the relation X, denoted as F =  X_1(G ). If  ( ’&, Q) is im plicit,

we sim ply say X is 5 - m easurable, o r m easurable. Note th a t  the  definition o f a  m easurable

7
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m apping does no t require the existence of a p robability  measure, b u t for the m easurable 

m apping  to  have an  in te rp re ta tion  as a  random  elem ent, a  probability  m easure is necessary.

If  we are  to  study  the  convergence of a  series o f m easurable m appings from  ft to  we 

need a  m easure o f the d istance between two elem ents o f the space >f. T herefore ® is endowed 

w ith a  m etric p, so th a t ( ^ p )  forms a  m etric space. W ith  the m etric p, open and  closed sets on 

(® ,p) are well defined. Crucial to  our study  of a  random  elem ent is the  m in im al Borel field 

contain ing  all open sets in the  m etric space. W e denote th is  Borel field as S .  I ts  elem ents are 

called Borel sets, denoted as B and  the boundary  of B is denoted as  dB. T hroughou t, we tak e  Q 

=  3 1. W e see th a t the m etric p is related to  random  elem ents in two ways: first p  affects the 

m easurability  of each m apping through <3S: second p affects the convergence of random  elem ents 

th rough  the definition of a  distance. A weaker m etric allows much easier convergence, cf. Bierens 

(1992b, C hap ter 9). Since the  Borel field l3& is larger for a  weaker m etric, a  weaker m etric m akes 

Borel m easurability  m ore difficult, cf. Pollard (1984, C hap te r 4).

T o  em phasize the dom ain space, the range space, or both, of a  random  elem ent, the  

random  elem ent can be called a  random  clem ent on the probability space ( f t ,7 ,P ) , a  random  

elem ent o f the  m easure [metric] space ( [(' I' .p)], o r a  random  elem ent from  the  probability  

space ( f t ,7 ,P )  to  the m easure space (4>,Q). Here are som e exam ples of m etric spaces and  random  

elem ents.

(i) If 'P =  R, then  X is a  random  variable; if $  =  Rk, then  X is called a  random  vector,

(2-2.1) p(x, y) =  PSLjtX i-yj)2]1' 2

is th e  Euclidean distance which is the basis for least squares estim ation.

(ii) If  'P is a  space of functions on © C Rk, then X is called a  random  function. Tw o spaces of

1For o ther choices of Q, see Pollard (1984). Note th a t  a  m etric p  is no t necessary for the  
definition of a  random  elem ent as long as the Borel field § is well defined.

8
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functions on 0  =  [0 , 1] we shall use la ter on are the  space of continuous functions, denoted as 

C[0,1], and  the  space of functions w ith discontinuities of the  first kind a t  m ost a t  countably 

m any points, denoted as D[0,1]. T he m etric,

(2 .2 .2 ) p(x, y) =  sups £ 0 | x(s)-y(s) |

is the uniform  m etric. T h e  uniform m etric is su itable for m ost studies. B ut for some studies, 

th e  uniform  m etric is too conservative. A nother m etric on C th a t  is going to  be used in  C hapter 

4 is,

P(x-y) =  J ©  [x(r)-y(r)]2d r .

(iii) For =  D[0,1], an o th er more involved m etric is often used. Let A be the space of strictly 

increasing continuous real functions A(s) on [0, 1] w ith A(0) =  0 and A (l) =  1, A C C[0,1]. 

p(x, y) is defined as the infim um  o f those c for which there is A €  A such th a t,

(2 .2.3a) supS itg [0  1]s<t | ln[(A(t)-A(s))/(t-s)] | < f

and

(2.2.3b) sups g  [0 ,j | x(s)-y(A(s)) | <  c.

T h is is th e  fam ous Skorohod m etric, denoted as p°, cf. Bierens (1992b, C hap ter 9). T hink of 

A(s) as a  m onotonic transform ation  of tim e [0, 1] keeping the end po in ts unchanged, then the 

tw o inequalities say th a t  as long as the slope of A(s) is close to  one, th a t  is, as long as the tim e 

scale is n o t d isto rted  too  m uch by the transform ation, the tw o functions s tay  close on different 

tim e scales. Note th a t, fixing A(s) =  s, the "Skorohod” m etric is reduced to  the uniform metric, 

so the uniform  m etric dom inates the Skorohod m etric. W e see th a t the  tim e transform ation 

involved in th e  Skorohod norm  is designed to  "discount” the im portance o f discontinuities in the 

elem ents o f D. For the definition of anot her metric on D, see Billingsley (1968, p. 113).

In general, the d istance between x and y, the  elem ents o f ('F .p), is the  “length” of the

9
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“difference” between x and y. So the m etric space is often endowed w ith scalar m ultip lication , 

vector add ition  and a d o t p roduct, the m etric space is turned in to  a  normed linear do t product

space (or vector space), cf. D hrym es (1989, p. 64). T he relationship am ong them  is,

/>(x, y) =  || x-y li2 =  do t(x-y , x-y).

For exam ple, the m etric spaces we will use, Rk, C[0, 1] and D[0, 1] are all norm ed linear do t 

product spaces. For th is  reason, the Skorohod (uniform  or sup) m etric is also called Skorohod 

(uniform  o r sup) norm .

G iven the  m etric space ($ ,p ) , various m odes of convergence can be defined. Let X t and  

X be a  series of random  elem ents. Then X, is said to converge to  X in probability , denoted as

Xt £  X or plim  Xt =  X, if for any c >  0.

lim t - 00P(-; 6  ft | p (x t (w), x(w)) <  «) =  1.

X t is said to  converge to  X alm ost surely, denoted as XJ*1*' X, if,

P(w €  ft | lim l - 00xt (u;)=:x(u;)) =  1.

A lm ost sure(ly) is equivalently  called a lm ost everywhere (a. e.) or alm ost certain ly  (a. c.). Note 

th a t the lim it in plim is a  regular algebraic lim it in the Euclidean space R, while the lim it in a.

s. convergence is a  lim it in th e  m etric space ('f,,'3B).

In  order to  define the  convergence in d is tribu tion , we need a  concept on (® ,p) sim ilar to

the  cum ulative d istribu tion  function in R. T o th is end, define a  real function p: 36 i-* R for a

given random  elem ent X,

/i(B) =  P(X"*(B)), V B e l

It can be shown th a t p  is a  probability  m easure on ( ^ 3 ) .  It is called the  m easure induced by 

the  random  elem ent X. Then the m easure p  will serve in a  sim ilar role to  the cum ulative 

d is tribu tion  function.
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D efinition 2.2.2 A series o f probability  m easures /(t on ('t,'® ) is said to  converge to  p , denoted  as 

“* A*. lim t - .o o M B) =  /i(B ), V B €  3B with f i ( d B) =  0.

T he condition p (3B ) =  0 is sim ilar to  the restriction th a t the  convergence of d is tribu tion  

functions only holds a t  the continu ity  points of the lim iting  d istribu tion  function. Note th a t  the 

lim it in the  definition is the  regular lim it in Euclidean space R. Now we can define the 

convergence in d istribu tion  o f random  elements.

Definition 2.2.3 Let {Xt } £ lj and X be random  elem ents on (Q,^F,P), and  and  /i be the

corresponding induced probability  m easures on (^’,'36); then Xt is said to  converge weakly 

to  X, denoted as Xt =>• X, if /i, -* /i.

As m entioned earlier, the OLS estim ato r involving unit root processes is a  function o f the  unit 

root process, so given the  asym pto tic  d istribution  of Xt , we also need to  know the  asym pto tic  

d is tribu tion  of functions of Xt . T o this end, we have the following theorem :

Theorem  2.2.1 (C ontinuous M apping Theorem , CM T)

Let {Xt} and X be random  elem ents on (fl.T .P ), fi be the  probability  m easure induced by 

X, and  <j> be a  Borel m easurable m apping from the m etric space (\P,p) to  the  m etric space 

such th a t 0  is continuous on a  Borel set. 4»0 C w ith ^i($0) =  1. T hen  0 (X t ) ^

*(X ).

Proof: Billingsley (1968, Theorem  5.1, p.30).

Therefore weak convergence is invarian t under continuous transform ations. Tw o m easures of 

the dependence between two Borel fields are defined as follows:

Definition 2.2.4 Let Q and  3G be Borel fields in 9 ,  Q C 3G C 9 ,  define 

0 (Q, K ) =  su p {G 6  g H 6 K;P(G)>0} |P (H |G ) -  P (H )|
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a(Q, 36) =  su P{{. g g H € %} |P (G  f l  H) -  P (G )P (H )|

where P (H |G ) =  P ( H f |G ) /P ( G )

T hey  are equal to  zero if all the events in Q and 36 are independent. T o  s tu d y  the  dependence 

between random  elem ents, we need the following concept.

Definition 2.2.5 Let X be a  random  elem ent on (Q .^ .P ); then the  Borel field generated  by X, 

denoted as 'J(X ), is the m inim al Borel field th a t con tains all sets o f th e  form  

( w e D  | x(w) 6 B ) 6 f F , V B € l

N ote th a t  'J(X ) C 5 ,  ac tua lly  all sets o f the form ( X 'l (B) | B e  35} m ake up  a  Borel field, so

5(X) = {(w e fi | x ( w )  e B) | b  e l3B} = {x_1(B) | b  e a } .

T h a t is, the  inverse im ages of the Borel sets in ‘35 form a  Borel field in fi, cf. D hrym es (1989, 

Proposition 4, p. 12) for the general case or Bierens (1992b, Theorem  1.1.1) for the  case o f =  

Rk.

D efinition 2.2.6 For a  series o f random  elem ents {Xt } on (fi, T , P ), let 

^  =  < * (- ,  Xt. „  Xt );

S ~  =  =F(Xt , Xt+1, •••).

V o o  is the Borel field generated by the history of Xt prior to  (and  including) tim e t, 5 “  is the 

Borel field generated by the fu ture o f Xt after (and including) tim e t. However the  union of 

countable Borel fields U i^ o ^ (^ t- i ’ ^ t - p  - \ )  *s’ *n general, not a  Borel field. So Bierens 

(1992b) has defined as the  m inim al Borel field contain ing U "*« ^ t - l ’ ^ t)*  ^ t °  *s

defined sim ilarly.

If Q and 36 are the Borel fields generated by two random  elem ents, then 0((j,36) and 

a(Q,36) m easure the dependence between the two random  elem ents. Tw o m easures of th e  serial
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dependence, the m ixing coefficients, of a series o f random  elem ents {Xt } are  defined as follows:

Definition 2.2.7 Let

0 (m ) =  s u p ^ C ? 1̂ ,  9 £ m),

a (m )  =  s u p ^ f ^ ,  5 £ m).

If  lim m_ oo0(m ) =  0, then Xt is called 0 -m ixing (uniform  mixing);

If  lim m_ 0Oa (m ) =  0, then X t is called a-m ix ing  (strong mixing).

T hey  bo th  m easure the  dependence am ong random  elem ents a t  least m  periods ap a rt. Since 

0 (m ) >  a (m ), 0 -m ix ing  implies a-m ix ing . T he ra te  a t  which 0 (m ) or a (m ) approaches zero 

defines their sizes. If 0 (m ) =  0 ( m 'A), for any A >  p, then 0 (m ) is sa id  of size p. Sim ilarly if 

a (m )  =  0 (m '* )  for any  A >  p, then a (m ) is said of size p. A stochastic  process Xt is 0- (a -)  

m ixing o f size p if i t  is 0- (a-) m ixing and 0 (m ) (a (m ))  is o f size p2. T h e  m ixing coefficients are 

rela ted  to  the  well-known autocovariance of a  tim e series through the following theorem :

Theorem  2.2.2 Let E u t =  Eut+m =  0.

(i) If  E u2 <  oo, E u2+m <  oo and u, is 0 -m ixing then

|E utu t+ m | <  2 0 (rn )1/ 2(E u 2 ) , / 2(E u2+m )1/ 2.

(ii) If  E |u f  | <  o o , E |u t+ m |'3 <  oo , d  >  2. and  ut is a-m ix ing , then

|E utu t+ m | <  2(21/ 2+ l)a (m )< '3-2 )/ (W )(E u 2)1/ 2(E |u t+m |'3)1̂ .

Proof: W hite  (1984), Corollary 6.16, p. 148.

2Some au th o rs  have preferred to call it mixing of size -p.
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2.2.2 Brow nian Motion and Functional C entral L im it Theorem s

T he asym pto tic theory for un it root, processes often involves functionals of a  Brownian 

m otion  on the  un it interval. W ith  the theory o f weak convergence on m etric spaces, the 

F unctional C en tra l L im it Theorem  can be proved. F irst we define the Brow nian m otion.

D efinition 2.2.8 Let W  be a  random  function from  (f2,^F,P) to  (C ,p), w here p  is the  uniform  

m etric, such th a t,

(i) W (0) =  0;

(ii) W (t)-W (s) ~  N(U, (t-s)), V t. s £  [0. 1], s <  t;

(iii) W (tj)-W (s j)  and  W (t2 )-W (s2) are independent, V tj, Sj £  [0, 1], i =  1, 2,

Sj ^  t j  ^  s2 ^  t 2»

T hen  W (t) is called a  s tan d ard  Brownian m otion (or a  W iener process).

Therefore by definition, the  s ta n d ard  Brownian m otion has independent norm ally d istribu ted  

increm ents, w ith variance increasing proportionally  with tim e. I t is standard ized  to  be zero a t 

tim e zero. Note in particu lar th a t W (l)  ~  N(0, 1). W has a  continuous p a th : W  £  C[0, 1]. 

T h e  probability  m easure on C induced by the Brownian m otion is called th e  W iener m easure.

As an exercise on Brownian m otion, we present the following theorem  which is useful for 

calcu lating  the covariance between functionals o f Brownian m otion.

Theorem  2.2.3 For any determ inist ic continuous functions f and g on [0, 1], for any r  £  [0, 1],

(i) E( J  JfdW  J Jg d W ) =  J  ofgdrt

(ii) E( J J f W /J g W )  =  f  Jf(r)[J '{ )g ( s ) s d s + f |!'g(s)rds]dr +  J  }-f(r)[J Jg(s)sds]dr.
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Proof: Note th a t  Brownian Motion \V lias independent increm ents,

f 0 if r ^  s 
E[dW (r)dW (s)] =  I

I dr if r =  s

Therefore

E[W (r)W (s)] =  m in(r, s);

(i) E( JJfd W  JJgdW ) = J'Jf(r)[Jog(s)E[dVV(r)dW (s)]] =  J  Jf(r)g (r)d r;

(ii) E( J J fW J o g W ) =  J o J o f ( r )g(s)E[W (r)W (s)]dsdr

=  J J f ( r ) [ j5 g (s )E [W (r)W (s )]d s+ ;rr g(s)E[W (r)W (s)]ds]dr 

+  J  7-̂ "( r )[ J  oS(s )E[\V(r )W (s)]dsdr 

=  J o f(r)[J{lg(s)sds+ r JJg (s)d s]d r +  J- J-f(r)[ J  Jg(s)sds]dr. 0

W ith the theory of weak convergence of random  elem ents, we now study  th e  asym pto tic  

behavior of the partia l sum ,

(2.2.4) X[Tr] = s [ I rK , r e [ T - ‘ , 1]

=  0. r g [ 0 ,  T ’1)

where for fixed t, u t: Q i— R is random  variable on (Q ,T ,P ). For fixed T  and  r, is either 

th e  sum  of random  variables or zero, so is a  random  variable itself. But for fixed T , X j j rj is a  

random  function on [0, 1]. Furtherm ore, for fixed T  and fixed u  G fi, Xt (w) is righ t continuous, 

w ith finite left lim its, and the num ber of d iscontinuities is T , so XjTrj(u>) G D[0,1]. F irs t we 

im pose some restrictions on u t .

15

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



www.manaraa.com

A ssum ption 2.2.1 Let {ut } ^ j  be a  series of random  variables on (f2,^F,P)

(i) E (u t ) =  0, V t;

(ii) su p jE lu J ^  <  oo for som e 0  >  2 ;

(iii) o'2 =  lim T_ 00E [(l/> |T )E ^_ 1ut]2, 0 <  <r 2 <  oo;

(iv) either 0  > 2  and ut is <p-mixing w ith m ixing coefficients <f>{m ) satisfying

<  oo;

or 0  >  2 and  u t is a-m ix ing  with m ixing coefficients a (m ) satisfying 

S £ = l « ( m ) , ' 2//3 <  30.

C ondition(ii) con tro ls the degree of heterogeneity or lim its the probability  of ou tlier occurrence. 

C onditions (iii) an d  (iv) control the serial dependence in the series. As noted  by P hillips (1987), 

there is a  tradeoff between the probability  of outliers (represented by 0 )  and  the  degree of serial 

dependence (represented by a (m ) or o (m )) as indicated by the inequality  in (iv). tr2 in (iii) is 

called the  long run variance of u r  T he following theorem  says th a t the  standard ized  partial 

sum  converges to  a  Brow nian m otion.

T heorem  2.2.4 (Functional C entral L im it Theorem , FC LT)

Let XjTrj be defined as in (2.2.4), and let ut satisfy A ssum ption (2.2.1). T hen  

- A - X [Tr]^ Y V (r ) ,  r 6  [0 .1 ].

Proof: H errndorf (1984).

T he functional cen tra l lim it theorem  is also called the invariance principle. Note th a t  XjTrj €  

D[0, 1], b u t W  6  C[0, 1]. Applying the C M T to  the FC LT, we have,
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Theorem  2.2.5 Let f be a  continuous real function on R; let A X t satisfy A ssum ption (2.2.1). 

T hen

(i) T l X?=1f { T l / 2X t /a )  => J  Jf( W );

(ii) T*1E ^ . 1f ( t /T ) ( T '1^2Xt/ cr) => J»fW .

Proof: (i) Bierens (1992b, Lem m a. 9.2.1); (ii) Bierens (1991a, p. 4).

T h e  continuous function for C M T in (i) o f the  above theorem  is th e  com posite function,

4>(x) =  J o ^ C 1)]’

an d  th a t in (ii) is the com posite function,

<?(x) =  X o f Ct ) x ( t >-

T h e  asym pto tic  d istribu tion  of the OLS estim ate o f  the first order autoregressive coefficient w ith 

a  un it root also involves the asym pto tic  d istribu tion  of E^_2Xt. 1u t; for th is  we have the 

following theorem .

Theorem  2.2.6 Let A X t =  u t satisfy A ssum ption (2.2.1). Then

(i) T 'E *  2X M ut /<r =* J oVVdVV +  ( 1/ 2 ) (1-<72 /<t2) =  ( l / 2 ) [W (l)2-< r (> 2].

(ii) If f  is a  continuous real function on R, then

T -1/ 2E [T r]f(t/T )u t /<7 =* J  5fdVV, t  G [0 , 1] 

where =  limT_ O0T ‘ 1Ejr_ 1Eu2.

Proof: (i) P h illips (1987, Theorem  .1.1(b)): (ii) Bierens (1991a, Lem m a 1).

N ote th a t  the  integral in (i) is a  stochastic integral. T he equality  is derived using Ito 's  Lem m a 

by which
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dW 2 =  2 (W d W + d t),

SO

JW d W  =  ( l / 2 )( J d W 2 - J d t )  =  ( 1/ 2 )[W (1 )2- 1].

T he m apping 4>{X) =  JoX (r)dX (r), X €  C[U, 1], is no t continuous, so we canno t apply the 

C M T to  FC L T , cf. Phillips (1987). In con trast, the m apping  0(X ) =  j, Qf(r)dX(r), X €  C[0, 1], 

is continuous; therefore result (ii) is a  d irect app lication  o f the  F C L T  an d  CM T.

In particu lar, note th a t if

f ( t / T ) =  e([Trl/T ' l/T )c. c e  R,

then  the  asym pto tic  d istribu tion  J  r ' 1 ĉd\V in Theorem  (2.2.6)(ii) is an Ornstein-Uhlenbeck 

process. T his stochastic process has been used extensively in the  study of near-unit root 

processes, cf. P h illips (1987), Chan and Wei (1987).

I t is easy to  see th a t, if function f  in Theorem s 2.2.5(ii) and  2.2.6(ii) is discontinuous a t  

a  point in (0 , 1) bu t w ith finite left and right lim its, then the theorem s still hold but w ith 

piecewise integral on the right hand side. T h is  result is required to  do breaking trend  analysis.

2.3 R epresentation o f D eterm inistic Trend

Given T  observations of a  tim e series, call it yT , then it form s a  point in th e  Euclidean 

space Rt . y ^  can be w ritten as a  linear com bination of the  basis o f R^. T he  m ost common 

basis is form ed by the  column vectors e;, i =  1, 2, •••, T , where the j th  elem ent of ej is given by 

the  indicator function I(i= j). This set of basis vectors {ej, e2, •••, eT } defines the conventional 

coordinate system  in Euclidean space R r . A nother basis is form ed by the se t of column vectors 

Tj, i =  1, 2, •••, T , where the j th  elem ent of r ; is j*"1. T h is set o f  basis vectors {1, r 2, •••, t ^ }  

form s th e  basis for polynomial tim e regression. T he difference between s ta tis tics  and linear
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algebra on vector space is th a t in s ta tistics a  point in IRT can be expressed as the sum  o f a  point 

in an  Euclidean space of m uch lower dim ension (k) and  a  random  error. If k is no t substan tia lly  

lower th an  T , then the s ta tis tica l description of the d a ta  is called overfitting. T here are  m any 

orthogonal bases in RT, bu t here we discuss only two of them . T he first is orthogonal 

polynom ials in tim e for polynom ial tim e trend. T he  second is the Chebishev polynom ials for a  

m uch weaker tim e trend, cf. Bierens (1992a).

2.3.1 Polynom ial T im e T rend

Polynom ials in tim e have been the sim plest and  m ost popular representation  of 

determ inistic trend in tim e series. At least the linear trend can be rationalized by a  constant 

increm ent. T h e  following regression, often called detrending, is usually estim ated ,

(2.3.1) Y j =  b(j +  tb j +  t 2b2 +  ••• +  tkbk +  e^ =  f(t)b  +  e^,

where f(t) =  (1, t, •••, t k), b =  (b0, b j,  •••, bk)'. T he OLS estim ate of b  is,

b = [sftu'fiorMsfio'Yj.

Let D^. =  d ia g (l , T , •••, T k), and then it is trivial th a t,

(2.3.2) ( 1/T )  D ^ [S f( t) 'f ( t) ]D j -  JP f .

I f  et satisfies A ssum ption (2.2.1), then by Theorem  2.2.6 (ii),

(2.3.3) (1 /^ T ) D -^ p f U /e J  => o / f d W .

Therefore,

(2.3.4) >jTDT(b-b) =>

N ote th a t  the  k tk order polynom ial in tim e can also be w ritten as,

(2 .3 .1)' Y t =  f(t/T )b *  +  et ,

where b* =  (b0, b j /T ,  •••, bk/ T k)'. Tlien (2.3.2)-(2.3.4) are respectively,
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(2 .3 .2)' ( l /T ) [ S f ( t /T ) 'f ( t /T ) ]  — J f 'f ,

(2 .3 .3)' ( l /^ T ) [ S f ( t /T ) 'e t] => r J f d W ,

(2 .3 .4)' f T ( b “-b*) => <r[J f'f)-1[ J  fdW ].

Therefore if th e  polynom ials in tim e are expressed in the form  o f f ( t /T ) ,  th e  asym pto tic  theory 

is m uch easier to  handle, since we do no t have to  bo ther w ith the DT m atrix . For th is  reason, 

from  now on we will ad o p t th is representation  o f the determ inistic  trend , and  continue calling 

the  function  [a + (t/T )b ]  a  linear trend.

By Theorem  2.2.3, the asym pto tic covariance of •'JT(b*-b*) is ct2[ Jf 'f]"1. In  the  variable 

add ition  approach to testing for s ta tio n a rity  ag a in st un it root, we need to  orthogonalize the 

covariance m atrix  of the param eter estim ates. T here are tw o equivalent ways o f doing this. 

T he first is to  orthogonalize the covariance [ J f 'f ] '1, the o ther is to  orthogonalize the  regressors. 

I t  tu rn s  o u t th a t for the representation and proof o f the asym pto tic  theory, it is m uch easier to  

orthogonalize the regressors.

2.3.2 O rthogonal T im e Polynom ials

T he  orthogonal tim e polynom ials can be constructed  as in H am m ing (1986, Section 

26.6). T hey  are defined as follows. Let

(2.3.5a) Po/rO ) — 1

(2.3.5b) Pl T(t)  =  t  -  ^

(2.3.5c) P2,'r(t) =  ( t — u 2) P i , t ( 0  — /^ P o .tW

(2.3.5d) P3,T(t) =  ( t — 03)P 2 /r(t) — /^ P i / r W
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£ ( t /T ) p ? liT( t /T )  ^ ( t /T J p j . j  T ( t/T )p j.2 T( t /T )  .
where or: — — ——= , J .  = ----------------   , for 1 =  2. 3.

E p £ i,T( t /T )  *  Spf.2 ,T ( t /T )

T he  polynom ials p iT ( t /T ) ,  i=  0, 1, 2 and 3, as constructed  above, are exactly  orthogonal for t 

=  1, 2, •••, T . I t can  be shown th a t,  when T  -* oo,

a 2 -» 1/ 2 , IS2 -* 1/ 12,

a 3 -* 1/2, —► 1/15.

T hen  as T  -+ oo, for t  =  [Tr], r €  [0, 1],

(2 .3 .6a) Po.t ^ / T )  -♦ % (r) =  1

(2.3.6b) P i,T( t /T )  -♦ q x(r) =  r —1/2

(2.3.6c) P2 .T( t /T )  -* q 2(r) =  ( r - 1 / 2 )2 -  1/12

(2.3.6d) P3 ,T ( t/T )  -  q3(r) =  ( r - 1 / 2 )3 -  ( 3 /2 0 ) ( r - l /2 )

which are a  system  of orthogonal functions on the  in terval [0, 1]. T he  o rthono rm al polynomials 

are  constructed  as,

(2.3.7) p £ t ( ‘ / T )  =  Pi.T( t/T ) /> j£ p ? T( t /T ) ,  i =  0, 1, 2, 3.

Note th a t p*T( t /T ) ,  i =  0, 1, 2, 3, are a  class of o rthonorm al elem ents in RT. Now we run  the 

o rthonorm al regression,

(2.3.8) y t =  ! ob iPriT( t /T )  +  et .

D enote the  coefficient vector as b, and we have th e  following theorem :

Theorem  2.3.1

For the  orthonorm al polynom ial regression (2.3.8),

(i) if et =  ut satisfy A ssum ption 2.2.1. then
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(b—b) =>■ a(  J dVV, JqJdYV, JqJdYV, Jq ^ d W )' ~  N(0, < r \ ) ;

(ii) if  A et =  ut satisfy A ssum ption 2.2.1, then

T -1(b—b) => <r( J w .  Jq JW , Jq ^W , Jq ^ W )'

where q f(r)  =  , i =  0, 1, 2, 3.
J q ;  (r)dr

Proof: Since the  regressors are orthonorm al,

(b-b) =  X 'e =  (Ep5fT( t /T ) e t , E p ;>T( t /T ) e t , E P; >T( t /T )e t , Ep$iX( t /T ) e t ) '. 

By the definition of the Riem ann integral,

S?=xP-?.T( t / T ) 4 '- *  i =  0- 2’ 3-

(i) U nder H0, e t =  ut , by Theorem  2.2.0(ii),

r 1/ 2E Pi T( t /T ) u t => JqjdVV, i =  0 , 1, 2 , 3.

Therefore,

o _ .  /. W i. _  E Pi,T(t / T )u t Epj X(t/T )et — - = = = = = = =
\]SPi,T(t/T )

■ r 1/ 2s p , iX( t /T ) u t

■yjT‘ 1E pi T ( t / T )2

=> =  JqfdVV, i =  0 , 1, 2 , 3.

I t  is easy to  show th a t the above weak convergence for i =  0, 1, 2, 3 also holds jo in tly . So 

(b-b) => <7( J d W , J qJdVV, Jq Jd W , JqS dW )'.

Furtherm ore , using Theorem  2.2.3(i) and  the o rthonorm ality  of q*, it is triv ia l th a t, 

<7( J d W . Jq Jd W . Jq Jd W , J q $ d W ) '~ N (0 ,  <t\ ) .

(ii) Under H j, et =  Ej= 1Uj, using Theorem  2.2.5(h), it is im m ediate th a t
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T 1S p f T ( t / T )el =5> o-J 'qfW , i =  0, 1, 2, 3.

It is easy to  show th a t the  above weak convergence for i =  0, 1, 2, 3 also holds jo in tly . □

N ote th a t  q*(r), i =  0, 1, 2, 3, form a  system  of o rthonorm al functions in C[0, 1]. T he 

coefficient es tim ate  b in (i) has an  orthogonal covariance m atrix ; therefore it is very easy to  

construct x 2i C auchy and t  sta tistics.

2.3.3 Chebishev Polynom ials

Bierens (1992a) has used linear com binations of Chebishev polynom ials to  represent any 

nonlinear trend. They are defined as  follows. For t. =  1, 2, •••, T , let,

p0 x(t) =  1,

pkiT(t) =  >|2cos[k7r ( t - l / 2 )/T ], k =  1, 2, T - l .

I t is easy to  show th a t the polynom ials Pk j ( t ) ,  k =  0, 1, •••, T - l ,  are orthogonal for fixed T  and 

t  =  1, 2, •••, T , cf. Bierens (1992a). It is triv ial th a t, w ith k fixed as T  —► oo,

Pk,T(l ) —1 >J2cos(kr7r),

where r is defined through t =  [Tr]. For k =  0, 1, 2, •••, the lim it functions, ^2cos(kr?r), are a  

class of orthonorm al functions in C[0. 1].

2.4 A sym ptotic D istributions of tjie Unit Root Tests

As an  application  of the FC LT and the CM T, we derive the  asym pto tic  d istribu tion  of 

the  u n it root te s t w ith a  general determ inistic tim e trend. T he results of Phillips (1987) w ithout 

an  in tercep t, Phillips and Perron (1988) with an in tercept or a  linear tim e trend , and  Ouliaris, 

P ark  an d  Phillips (1988) with polynom ial tim e trend are  all specializations of our general 

theorem .
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Theorem  2.4.1 Let A X t satisfy A ssum ption 2.2.1, f(r) be a  continuous function on [0, 1], p be 

the  OLS estim ate  of p in the following regression equation,

(2.4.1) X t =  f ( t/T )0  +  pX t. ,  +  et , t  =  2 , 3 , — , T .

Let t p=1  be th e  t-sta tistic  for p =  1. Then

(2.4.2) T (p - l)  => [Jo V V ^ 'M fo 'V c lW  +  A — 17]

=  [ J J W ^ 'M J S W d W  +  A];

t p=1  =► K M J J W d W  +  A - , ] / [ /  JW *211/2  

s  (< r ja ) [  J J W d W  +  A]/[ J  J W 2]1' 2

where A =  ( 1/ 2 )(1-(72 /<t2), rj =  [ JoW f(r)dr][ J q  f(r)/f(r)dr]-1[ Jo f ( r )/dW ], W *(r) is the  projection 

residual of Brownian m otion on f(r).

Proof: I t is triv ial th a t

P * P  =  [s7= 2x t i1]-, [s7= 2x - 1u J

where X“. j  is the linear projection residual of Xt.x on f ( t /T ) .  B ut

K i  = x t.i -  ^ t /T J p fd /T j ' f d /T j r H S f d /T J 'X ^ J

so X j.j is a  continuous function of X t. x and  E f( t/T ) 'X t. j .  Since

T-3 / 2E f( t /T ) 'X t.j  => f(r)W

T ' 1 [S f ( t /T ) /f(t/T )]  -  f(r)'f(r)d r

T - '^ f ( t /T )  — J»  f(r)dr

then
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(2.4.3) T ' 1/ V 1Xfrr] => VV(r) -  f(r)[J>  f(r)/f(r)dr]*1 J i f ( r ) 'W  =  W *(r).

By Theorem  2.2.4

T "2<t‘2E X £ j =*• JJ\V *2.

Sim ilarly,

T -V -2EX*.,ut =  T"1(r'2EXl_jUl

-  T’1/ 2fl'’2[,r 3/ 2EXt.1f(t/T)][,r 1Ef(t/T)'f(t/T)r1[Ef(t/T),uJ

(2 .4 .4 ) => J JW d W  +  A -  [ J o W f( r ) ] [ / J  H O 'ffO dr]-1!J J f (r ) 'd W ].

Therefore,

T (p-l) =► [JJW 't^ J iV V d W  +  A -  [J oW f(r)][/J f<r)'f(r)dr]-1 [J gfl(r/dW ]]

= [J JW * 2r 1[J’JW *d\V  + A].

T he proof for the  t-s ta tis tic  is sim ilar. □

Let X£ be th e  linear projection residuals of Xt on f ( t/T ); if we had estim ated  a  first 

order autoregression using the detrended series X£,

(2.4.5) X- =  pX “ , +  et

then  we would have had,

(2.4.6) T (p - l)  => [ J S W - V U J V r d W -  +  A]

which is the  sam e as  (2.4.2), since J  W ’dW  =  J  W 'dV V . This procedure o f detrend ing  first an d  

then  doing first o rder autoregression lias been used by Stock and  W atson  (1988) and  Bierens 

(1991b).

Note th a t  no m a tte r w hat determ inistic trend f ( t /T )  is included in regression equation
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(2.4.1), under the unit root hypothesis A X t is assum ed to  be as in A ssum ption 2.2.1, th a t  is, 

u n it roo t w ithou t drift. If the  un it root process has a  drift,

(2.4.7) X t =  n  +  X U1 +  u t . fi  ^  0

then  as a  d a ta  generating process, Equation  2.4.7 specifies th a t,

f ( t /T )  =  1, 0 = fi, et =  ut , p  =  1

b u t (2.4.7) can  be rew ritten  as,

(2 .4 .7 )' X t =  X0 +  f i t  +  S j-jU j.

Therefore th e  determ inistic com ponent is a linear trend (w ith random  intercept X0). I t is 

crucial for 2.4.3 th a t XJ"_j does not have any determ inistic trend; therefore adequate  detrending 

is a  prerequisite for valid un it root test, cf. Sclnnidt (1988), C am pbell and  Perron (1990). As a  

regression equation , Equation  2.4.7 should account for the determ in istic  linear trend.

It is triv ia l th a t both p  and p  are  invarian t to the value of 6 in Equation  2.4.7. So the

te s t in the theorem  is also a test for the unit root process,

Xt =  f ( t/T )0  +  SjLjUj

ag a in st the trend  s ta tionary  process,

Xt =  f ( t/T )0  +  ut .

2.5 Review o f the Existing U nit Root Tests

If Box and Jenkins m ade the tim e series m odeling in to  an  industry , then  Dickey and

Fuller m ade un it root, testing  in to  a  profession. Dickey (1976), Fuller (1976) and  Dickey and

Fuller (1979) sta tistica lly  formalized the  no ta tion  of a  un it root, and  proposed several sta tistica l 

tests  for un it root. In the jargon  of Box-Jenkins, the null model is th a t y t has a  un it root, i. e. 

y t is ARIM A (0,1,0), and the alternative  model is th a t y t is sta tionary , i. e. y t is ARIM A(1,0,0). 

T he  tw o test sta tis tics Dickey and Fuller proposed are the norm alized bias T (p  - 1) an d  the t
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s ta tis tic  for p  — 1, call it r .  T he asym ptotic d istribu tion  is derived under the assum ption of ut 

being IID  norm al, which is very restrictive. As Dickey and Fuller (1979) have shown, the 

asym pto tic  d istribu tions of the  te st sta tistics are non-norm al b u t they can be expressed as 

functionals o f a  Brownian m otion. Thus they have to  be calculated by sim ulation . The critical 

values can be found in Fuller (197(i).

T o  te st for the null o f A R IM A (p-l,1 .0) against the alternative  of A RIM A(p,0,0), the 

regression equation  needs to  be augm ented w ith (p-1) lagged differences in y t. T he augm ented 

Dickey-Fuller (A D F) r  s ta tis tic  s till follows the sam e asym pto tic  d istribu tion  as in the sim ple 

IID  case. T o test the  null of A R IM A (p-l,l,q ) against the alternative  of A RIM A (p,0,q), the 

mixed ARM A process needs to  be approxim ated by an infinite order AR process, so the num ber 

o f augm enting lagged differences needs to increase w ith the num ber of observations a t  a  

controlled rate . T he corresponding ADF r  sta tis tic  has the sam e asym pto tic  d istribu tion  as  in 

the sim ple IID case, cf. Said and  Dickey (1984).

T he  results o f the ADF test may be contradictory  with different num bers of lagged 

differences. T he power of the te st may also be substan tia lly  reduced if a  large num ber of 

augm ented term s are  included. Therefore there is a need for an a lternative  testing strategy th a t 

is invarian t for a  general s ta tionary  process.

O ur review of the literatu re on un it root tests  is aim ed a t  providing a  basis for 

developing new tests, ra ther th a n  aim ed a t  providing a  guideline for em pirical application. For 

the la tte r  purpose, see the excellent reviews by Diebold and Rudebusch (1990), Jolado, Jenkins 

and  Sosvilla-Rivero (1990), and Cam pbell and Perron (1991).

2.5.1 P hillips and  P erron ’s Extension of the Dickey-Fuller T est

If u t is a  general sta tio n a ry  (or mixing) process, then the asym pto tic  d istribu tion  of the 

D ickey-Fuller te s t depend on the  unknown correlation struc tu re  of u t , cf. Theorem  2.4.1.
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Specifically it  depends on the unknown long run variance of u t which in tu rn  depends on the  

sum  o f autocovariances of ut a t  all lags. Phillips (1987), and  Phillips and  Perron (1988) 

nonparam etrically  corrected the Dickey-Fuller s ta tistics for the unknow n correlation  s tructu re  of 

ut . T h u s  the ir test for u n it root can be conducted using the Dickey-Fuller s ta tis tics  as if  ut 

were IID  norm al. T he non param etric correction uses results in sta tis tics  on estim ating  the  

spectral density  a t  frequency zero. More im portan tly , Phillips and  P erron used the theory of 

weak convergence in the proof of the asym ptotic results, substan tia lly  relaxing the unduely 

restric tive assum ptions of Dickey and  Fuller. Through these and  la te r works o f  Phillips and  

coauthors, th e  m ethod of the theory o f weak convergence becam e popular in theoretical 

econom etrics. Bierens (1992b) provides a step by s tep  trea tm en t of the  theory  of weak 

convergence.

T he  asym pto tic  d istribu tions of the Phillips and Phillips an d  P erron test are 

sim plifications of those in T heorem  2.4.1.

2.5.1.A  Exam ples

(i) For th e  Phillips (1987) test, the regression equation is,

x t =  PX  t-l +  er

T he  asym pto tic  d istribu tions are as in Theorem  2.4.1 w ith W* =  W  an d  i) =  0.

(ii) For the  P hillips and Perron (1988) test, if the regression equation includes only an intercept,

Xt =  a  +  pX t.j  +  et

then

f(r) =  1, W* =  W  - J  W is the dem eaned Brow nian m otion, r? =  W (l)  J W .

(iii) For the  Phillips and Perron (1988) test, if the regression equation  also includes a  linear
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trend ,

X t =  a  +  b ( t /T )  +  p X ^  +  e t

then

f(r) =  (1 r), W* =  W -  (4 -6 r )J W  -  (1 2 -6 r) /rW  

t, =  12[ J  rW -( 1/ 2 ) J  W][( 1/2) W ( 1)- J  W ]+ W (l)  J  W .

W* above is called the  detrended Brownian m otion.

(iv) For th e  O uliaris, P ark  and Phillips (1988) tes t, the regression equation  includes a  tim e 

polynom ial o f order k,

Xt =  b0 +  b j ( t /T )  +  ••• +  bk( t /T ) k +  +  et

then

f(r) =  (1 r ••• rk), W “ and i) a re  as given in the  theorem .

For th is class o f tests, the nuisance p aram eter a 2 in A is consistently  estim ated  by one of the 

kernel m ethods, am ong which the Newey and W est (1987) estim ato r is very popular. For 

detailed  trea tm e n t o f the estim ation  of a 2, see C h ap te r 3.

(v) F or the  Perron (1989) test, the  regression equation  includes a  break in the in tercep t,

\  =  ^0  +  coDi( t ) +  b i ( t / T ) +  et

where D t ( r )  =  0 if  t  <  [T r], and  1 if t. >  [T r]. T h e  function f  in Theorem  2.4.1 is given by 

f(r) =  (1, I(r >  r ) ,  r). T he cases of a  break in the slope or in both the in tercept an d  the  slope 

can be trea ted  sim ilarly .

2 .5 .l.B  L im ita tions of the T rad itional A pproach to  U nit R oot T esting

(i) T he asym pto tic  d istribu tion  is nonstandard .

29

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



www.manaraa.com

T he asym pto tic  d istribu tion  involves functionals of Brownian m otion, and  therefore is 

nonstandard . T he asym pto tic  d istribu tion  has to  be calculated by sim ulation. Given the 

availab le com puting  technology, th is is of course not a  big problem .

(ii) T he  asym pto tic  d istribu tion  depends on the alternative model.

Interestingly , the asym pto tic  d istribu tion  of the test s ta tis tics depends on th e  alternative 

m odel aga in st which the unit root model is tested , as is shown in the previous subsection. T he 

following m odels have been investigated as a lte rna tive  models to  the  un it root model and  the 

corresponding asym pto tic  d istribu tions have been calculated by sim ulation.

(a) (i) S ta tio n arity  with zero m ean, (ii) s ta tionarity  w ith nonzero m ean, an d  (iii) linear 

trend  s ta tio n arity ; Fuller ( 197G) has three sets o f critical values.

(b) S ta tio n arity  around tim e polynom ial; O uliaris, Park and Phillips (1990) have four sets 

o f critical values for a  ('2ikI, 3rd, 4ll\  5th ) order polynom ial of tim e.

(c) S ta tio n arity  around breaking trend; Perron (1989) has tw enty  seven sets of critical 

values for the  cases o f a  single break in the intercept, a  break in the slope o f the  linear 

trend , and a  break in bo th  the in tercept and the  slope of the linear trend  for nine 

locations of the break.

(d) M ore flexible nonlinear trend; Bierens (1992a) has 80 sets of critical values for the case 

o f  trend  being approxim ated  by Chebishev polynom ials of order up to  40.

(iii) U nit roo t is taken as the null model.

T he  u n it roo t model has been taken as the null m odel. As a  test for economic theory 

which suggests the presence of un it root behavior against alternative  theories, it pu ts  alternative 

theories a t  an  extrem e disadvantage. As an extension to  the unit root testing , the test for 

coin tegration  also takes no-cointegration as the  null model. As a  test for some economic theory 

which suggests cointegration am ong economic tim e series, the test takes as the  null hypothesis
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th a t the  theory is false. T h is  is counter-intuitive, since before s ta rtin g  o u t testing  the theory, 

th e  investigator m ust believe th a t there is some tru th  in the theory, otherw ise he would no t 

bo ther testing it w ith real d a ta . Of course, given the problem s w ith the power of any test, there 

is som e conceptual problem  w ith taking any model as the null model. T h is is th e  problem  w ith 

the  classical approach to  inference.

(iv) T he power o f the tests is low.

S im ulations show th a t  the Dickey-Fuller test and the Phillips-Perron te st have low 

power to  d istinguish the sta tio n a ry  processes w ith large A R  com ponents from  a  un it root 

process, and  have su b stan tia l size distortion  for the unit root processes w ith large MA 

com ponents, cf. Schwert (1989).

(v) T he es tim ate  of the long run variance is needed.

T he long run variance is usually estim ated using results on estim ation  of spectral 

density  a t  th e  origin w ith various window choices, the  m ost popular o f which are the B artle tt 

w indow, the  Parzen window, and the  Q uadratic  window, cf. Priestley (1981). Some o f the  

m ethods guaran tee  nonnegativ ity  of the estim ate. For econom etric applications, see Newey and 

W est (1987), and Andrews (1991). Since the long run variance depends on the sum  of 

autocovariances a t  all lags, given lim ited da ta , som e trunca tion  has to  be m ade. T he 

accum ulation  o f the higher o rder autocovariances th a t are tru n ca ted  m ay still be substan tia lly  

large for som e sta tionary  processes. A lthough the es tim ate  is heteroskedasticity and  

au tocorrelation  consistent, the  convergence to  the  probability  lim it can be slow, creating 

problem s in finite sam ples.
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2.5.2 T est for U nit R oot by Variable Addition

2.5.2A T he  V ariable A ddition A pproach and the y2 T est of Park

V ariable addition  has been used as a  model specification test. Specifically the  residual 

from  the  regression model is regressed on some variables (“th e  added  variables” ) in the  

inform ation set, and  then the significance of the coefficients on the  added variables is tested. 

Significance of the added variables indicates model m isspecification, cf. P agan  (1984). However 

insignificance o f the coefficients 011 the added variables does not ru le ou t o ther form s o f model 

m isspecification.

Due to  the difference in the persistence of shocks to s ta tio n a ry  and  nonsta tionary  

processes, the  cross m om ents between the tim e series and  the  tim e trend  have different orders of 

m agnitude under s ta tio n a rity  and unit, root, cf. T heorem s 2.2.5 an d  2.2.6. If the  tim e series of 

in terest is regressed on some superfluous (irrelevant) trending regressors, for exam ple a  tim e 

trend:

(2.5.1) Xt =  a t +  et ,

the  OLS es tim ate  o f param eter a  is,

(2.5.2) a  =  S X t t / S t 2.

If Xt satisfies A ssum ption 2.2.1, then a  is T 3^2-consistent for a  =  0; if A X t satisfies A ssum ption

2.2.1, then a  is T 1 ̂ -co n sis ten t for a =  0. So the OLS estim ate o f the superfluous coefficients 

behaves differently under sta tionarity  and a  un it root. Park  (1990) proposes to  use the  properly 

standard ized  F -test for the insignificance of the superfluous coefficients as a  test for un it root. 

W hen properly ad justed  for nuisance param eters as Phillips and P erron (1987) d id , th e  resulting 

F -test has an asym pto tic  \ 2 d istribu tion  under the null of s ta tionarity .

Let Y t be generated by the following model,
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(2.5.3) Yt =  b0 +  b , ( t / T )  +  • • • +  bk( t /T ) k +  X t .

If we run  the following regression,

(2.5.4) Yt = b 0 +  b 1( t /T )  +  -  +  bk( t / T ) k

+  b k + i( t /T )k+1  +  -  +  bk+q( t /T ) k+q +  et

then  the  regressors ( ( t /T ) k+1, •••, ( t /T ) k+q) are superfluous. Let b be the OLS es tim ate  o f the  

param eters, F  be the regression F s ta tis tic  or the W ald  s ta tis tic  for the  insignificance o f 

(bk+i> bk+q)/. Under the  un it root hypothesis, A X t satisfies A ssum ption 2.2.1,

( lM T )(b k+1, ••., bk+q) ' => crM*"1 J"g*(r);W

(2.5.5) ( l /T )q F  => ( J  W 2- J  W “' 2) /  J  W * '2, 

where

g,,(r) is the residual of a  linear projection of g(r) =  (rk+1, rk+2, •••, rk+q) on f(r), 

f(r) =  ( 1, r, •••, rk),

W* is the Brow nian m otion detrended w ith f(r),

W** is the Brownian m otion detrended w ith (f(r) g (r)),

M* =  J V 'g * -

If X t is sta tionary , then

^ ( b k+ i . - " > b k+q) ' ^ <7M* '1 J 'g ‘ (r ),dW  ~  N(0, ^ M * ’1),

(2.5.6) qF  =  (bk+1, •••, bk+q)[(Tg2S g ’ ( t / T ) ,g ’ ( t /T ) ] (b k+1, - ,  bk+q) '

=► W 21 ° l ) x %

where a \  is the OLS estim ate of the variance of et .

Taking  the  s ta tio n arity  as the null hypothesis, the  te s t s ta tis tic  is defined as

P t  =  (* e /* 2)qp -
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T hen under s ta tio n a rity , PT => W hile under the un it root, &2 =  0 p(m T) where m T is the 

lag trunca tion  param ete r in the  long run variance estim ation ; therefore, (m T/T ) P T =  Op( l) .  

T hus the  P T test is consistent a t  ra te  ( T /m T).

T he  variable add ition  approach of Park  can be sum m arized as follows: (i) the 

asym pto tic  d istribu tion  under s ta tio n a rity  is well known; (ii) s ta tionarity  can be taken as the 

null m odel; (iii) th e  specification of determ inistic trend  can be very flexible; b u t (iv) the 

construction  of th e  test requires spectral es tim ation  o f the  long run variance and  the  asym ptotic 

power is affected.

2.5.2B T he  V ariable A ddition A pproach and  the  C auchy T est o f Bierens (1991a)

T he  OLS es tim ate  a  of th e  superfluous tim e trend  in (2.5.1) is asym ptotically  norm al 

w ith variance proportional to  the  long run variance, b u t the rate  o f convergence to  the 

asym pto tic  d istribu tion  is different under s ta tio n arity  and  un it root. If ano ther q u an tity  can be 

constructed  th a t also has an  asym pto tic  norm al d istribu tion  w ith a  variance th a t  depends on the 

long run  variance proportionally , then the quo tien t o f the  tw o asym ptotic norm al quantities, 

after o rthogonalization  and  standard ization , is asym pto tically  standard  Cauchy. T h is is the 

approach adopted by Bierens (1991a). Bierens’ approach shares the first three features of P ark ’s 

approach. B ut the  advan tage of the  Bierens’ approach is th a t  it does not require the estim ation 

of th e  long run variance.

2.5.3 H igher O rder A utocorrelation  and  Unit Root

If  the  tim e series has a  u n it root, then the  autocorre la tion  function is equal to  one a t  all 

lags. H asza (1980) derived the  asym pto tic d is tribu tion  of the sam ple autocorrelation  a t  finite 

lags for finite o rder ARIM A process. Bierens (1991b) extended the  results of Hasza to  the case 

where th e  first difference of the  series is a  m ixing process. Let the regression equation  be,
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XL =  pX Up +  ut .

F or flxed and  flnite p, T (p - l)  is sim ilar to  the Dickey-Fuller test s ta tis tic  for u n it root, b u t its 

asym pto tic  d is tribu tion  depends on th e  unknown trunca ted  long run variance when u t is n o t a  

m artinga le  difference series. In order to  get rid o f the nuisance param eter, the lag length p  in 

th e  regression is allowed to  increase w ith the sam ple size T  a t  a  controlled ra te , i. e. p  =  

c^T 1/ 3). Bierens used the  results to  construct a  te s t for un it root which is asym pto tically  m ore 

powerful th a n  the Phillips and Perron tests. T he asym pto tic  d is tribu tion  is the  sam e as th a t  of 

th e  D ickey-Fuller test. Both the case o f an  in tercept and  the case o f a  linear trend  are trea ted .

In the  context o f the variance ra tio  test for random  walks, Richardson and  Stock (1989) 

derived asym pto tic  theory when the lag length increases proportionally  to  the  sam ple size, p  =  

O (T ). However they noted th a t in th is  case, their test s ta tis tic  is inconsistent. Separately 

Bierens has indicated th a t it is possible to  construct a  consistent un it root test w ith p  =  O (T ).3

2.5.4 N onlinear T rend S ta tionarity  and  Unit Root

In Bierens (1992a), the  nonlinear trend  is approxim ated  by a  set o f Chebishev 

polynom ials introduced in Section 2.3. F irst the  series is detrended by linear tim e trend , and 

then it is detrended by a  weak nonlinear trend which is approxim ated  by a  linear com bination  of 

a  set o f Chebishev polynom ials. F inally the test s ta tis tic  is constructed using the  detrended 

series.

2.5.5 Discussion

T heorem  2.4.1 states th a t the  asym pto tic d istribu tion  for un it roo t test can  be 

conveniently  characterized as a  family of d istribu tions. In the case of testing  for un it root 

aga in st s ta tio n a rity  w ith a  zero m ean, the asym pto tic  d istribu tions are functionals of Brownian

3P riva te  com m unication.
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m otion. In the case of s ta tio n a rity  w ith a  nonzero m ean or the case of trend  s ta tio n arity , the 

asym pto tic  d istribu tions can be ob tained sim ply by replacing th e  Brow nian m otion w ith the 

dem eaned or detrended Brownian m otion.

For general m ixing processes, all the  d istribu tions in u n it root testing  rely on asym pto tic 

theory. Each different te s t relies on a  different aspect of th e  asym pto tic  theory. T he  finite 

sam ple properties o f each test depend on the quality  o f approx im ation  of th a t  aspect of the  

asym pto tic  theory th a t th e  test relies on. A good test should have sm all o r no size d istortion , 

good power, and  be easy to  calculate and  convenient to  use.
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C H A P T E R  3

SPU RIO U S REG RESSIO N, P A R A M E T E R  IN STA BILITY  AND U N IT  R O O T

3.1 In troduction

Regression estim ates of param eters involving sta tio n a ry  processes a re  consistent under 

ce rta in  conditions. Regression estim ates of param eters involving u n it root processes a re  spurious 

except in the case of cointegration, cf. Phillips (1986). Under certain  conditions, th e  spurious 

estim ates of the param eters converge to  nondegenerate random  variables, ra th e r  th a n  to  fixed 

constan ts . Therefore, tests  for param eter instab ility  also have power aga in st the  u n it root 

m odel4.

T here has been a  large litera tu re  on s truc tu ra l change, partly  because the economic 

system s are  under the a ttac k  o f shocks of various nature , e. g. depression, w ar, surges in oil 

prices, and  changes in w eather. P rom inen t tests for param eter in stab ility  include th e  classical 

CUSUM  test o f Brown, D urbin and Evans (1975), the recent param ete r fluctuation  test of 

P loberger, K ram er an d  K ontrus (1989, hence PK K ), and  the  random  w alk te st o f N abeya and  

T a n a k a  (1988). T he CUSUM test relies on the residuals of the  regression, th e  fluctuation  test 

relies on a  sequence of param eter estim ates over the subsam ples, while the random  walk test 

relies on th e  Lagrangian M ultiplier principle. Kwiatkowski, Phillips, S chm idt and  Shin (1992) 

have developed a  test for s ta tionarity  sim ilar to the  random  walk test for p aram ete r stab ility .

In  th is  chapter, we develop tests for s ta tio n a rity  using the CUSUM  test and  the 

param ete r fluctuation  test. Note th a t the power of our test relies on th e  fact th a t  under the 

a lte rn a tiv e  of un it root, the  param eter estim ates behave as if the  true param eters were unstable.

4I thank  N athan  Balke for th is observation.
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Therefore, our test does not d istinguish between true  param eter instab ility  and un it root, e. g. 

Perron (1988, 1989). In  order to  distinguish  breaking trend from un it root, the breaking trend  

should be included in the regression as p a rt o f the m ain ta ined  assum ption. The proofs for the 

theorem s in  section 3.2 are straigh tforw ard  applications of the  theorem s in C hap ter 2, an d  thus 

they are o m itted .

3.2 S purious Regression. P aram eter In stab ility  and U nit Root

3.2.1 In troduction

T h e  null model is th a t the series Y t is s ta tionary ,

(3.2.1a) H0: Y t =  u t , ut ~  A ssum ption (2.2.1)

an d  th e  a lte rn a tiv e  model is th a t  Yt has a  u n it root,

(3.2.1b) II,: A Y t ~  A ssum ption (2.2.1).

F rom  th e  invariance principle, the quasi-sam ple m ean Y ( r )  =  [T r ] '1E [£ ^ Y t behaves differently 

under H0 an d  H j,

(3.2.2a) under H0, T 1/2Y (r)  => f f r^ W fr ) ,

(3.2.2b) under H j, T '1/2Y (r)  =* a r 1 J ^ W .

Therefore under s ta tio n a rity , T ' l ^2Y (r)  approaches zero, while under H j it converges to  a

nondegenerate norm al random  variable. Define

(3.2.3) S(r )= G jd [Y (r ) -Y ( l ) ] .

Then we have T heorem  3.2.1.

Theorem  3.2.1

(i) U nder H0, S (r )  =>• VV(r) - r W ( l)  =  W °(r) , the Brownian Bridge;
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(ii) under H1, S ( r ) /T  =► J J W  - r  J JW .

Note th a t  S (r)  is invarian t to a  linear transform ation  of Y t, so we could have included an 

in tercep t in equation  (3.2.1a). T he  nuisance param eter a 2 needs to  be estim ated consistently. 

One choice is the Newey-W est es tim ate  a 2 defined as,

(3-2-4) * 2 =  ( 1/ T k U / m x J S ^ u ^ u . u ^ ,

where k ( j /m T) =  j / m T, m T —► oo as T  -*  oo, b u t m T =  o (T 1^2). N ote th a t the  controlled ra te

a t  which m-p approaches infinity can be greater than  the  original Newey-W est ra te , cf. Bierens

(1992b). Denote the  resulting test s ta tis tic  as S (r ) . W e have,

Theorem  3.2.2

(i) Under H0, S (r )  =£• W (r)  - r W ( l)  =  W °(r) , the Brownian Bridge;

(ii) under H „  S ( r ) / ( T /m T ) => J ^ W  - r  J JW .

A fter regressing Y, on an in tercep t, the s ta tis tic  sup |S (r) | is the CUSUM te s t using OLS
r  6 [0,1]

residuals. T he s ta tis tic  is also the  fluctuation  test o f the regression param eter, since the two 

tests  are the sam e w ith an  in tercep t as the only regressor. As a  test s ta tistic , o ther functions of 

S (r)  are also adm issible. For exam ple, (sup S (r )  - in f S (r)) , cf. Lo (1991). N ote th a t due
r  6  [0,1] 1- 6  [0,1]

to  th e  estim ation  o f a2 , th e  S (r )  te s t is consistent a t  the rate  (T /m T ), instead o f a t  th e  rate  T .

P ark  (1990) and  Bierens (1991a) explored the variable add ition  approach to  test for 

s ta tio n arity . T he  variable add ition  approach recognizes the superfluous nature o f th e  variable 

add ition  (the  true  value of the param eters being zeros), b u t th e  param eter estim ates on the 

m ain ta ined  trends cannot be used in constructing  the test. Here the approach  using the 

param eter s tab ility  te s t only recognizes the stab ility  of the param eter, be it zero or no t. T he use
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of fewer (or no) superfluous regressors may im prove the power of the test. T rad itional tests  for 

un it roo t only use the full sam ple result, while the param eter s tab ility  tests  uses th e  inform ation 

in the  fluctuation  of the  underlying process w ithin the sam ple. Therefore the param eter s tab ility  

te s t m ay  have superior power.

3.2.2 T he  CUSUM  T est Using OLS Residuals 

3.2.2A. T he  T est S tatistic

T he  m ost interesting com peting models for m ost m acroeconom ic tim e series are trend  

s ta tio n a rity  versus un it root w ith drift. In th is section, we construct a  test for s ta tio n a rity  w ith 

a  general determ inistic tim e trend. Let the models of interest be,

(3.2.5) H0: Y t =  f ( t /T )b  +  ut , u t ~  A ssum ption (2.2.1)

(3.2.6) Hx: Y t =  f ( t /T )b  +  Xt , A X t ~  A ssum ption (2.2.1).

Let et be the OLS residuals of the following regression equation ,

y t =  f ( t /T )b  +  et .

Define

(3.2.7) « r )  =

T hen  we have

T heorem  3.2.3

(i) Under H0, T 1' 2^ )  =*. <r [ w ( r )  -  [ J£f][ J J J f ' d W ] }

(ii) under H „  T 1' 2^ )  =><r [ J J W  -  [ J J f ] [ J  Jf'f]-1[ J '^ W ]] .
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N ote th a t if f ( t /T )  =  1 (an in tercept), th is theorem  collapses to  Theorem  3.2.1. A test 

for s ta tio n a rity  can be based on functionals of (■'|T£(r)/d-), e. g. the CUSUM type o f te s t5

CU =  m ax |( f r ? ( r ) /d - |,
r €  [ r , l - r ]

or the range over s ta n d ard  deviation  (R /S ) test,

RS =  [m a x  ■ jT ftr)/*  - m in >[T$(r)/6- l ,
[r  6 [T,l-r] r €  [r,l-r] J

where r  is called the tr im m in g  param eter. W e will study  th e  properties o f bo th  tests.

3.2.2B. S im ulated  C ritica l Values

T ab le  3.2.1 is the  sim ulated  asym pto tic  d istribu tion  for the cases of no trend  and a

linear trend  respectively. T he sim ulated  null d is tribu tion  under linear trend  s ta tio n a rity  lies to

the  left o f th a t  under nonzero m ean s ta tio n a rity . Form ally, the null d is tribu tion  under nonzero 

m ean stochastically  dom inates (FSD) th a t  under linear trend  in the  first degree. Specifically, for 

th e  case o f an  in tercep t only in the regression and  no trim m ing  ( r  =  0 ),

P (C U  <  1.207) =  0.90, P(CU <  1.333) =  0.95, P (C U  <  1.605) =  0.99,

P(R S  <  1.563) =  0.90, P (R S  <  1.697) =  0.95, P (R S  <  1.960) =  0.99;

for the  case of a  linear trend  and  no trim m ing,

P(C U  <  0.810) =  0.90, P (C U  <  0.881) =  0.95, P(C U  <  1.019) =  0.99,

P (R S  <  1.455) =  0.90, P(R S  <  1.572) =  0.95, P (R S  <  1.828) =  0.99.

3.2.2C. S im ulation  R esults

T h e  sim ulation  results on the em pirical size and  power o f the CU and  RS tests  w ith an 

in te rcep t a re  collected in T ab les 3.2.2. For the case of white noise (p =  0 and  6 =  0), the sizes 

o f bo th  te sts  are close to  the nom inal size. B ut as the value o f p increases, there is m ore and

5Stock (1992) uses a  class of transform ations of the  CUSUM sta tis tic  in designing a 
Bayesian rule for deciding w hether a series is 1(0) or 1(1). T he CUSUM sta tis tic , as a  test for 
s ta tio n a rity , is m entioned b u t not pursued. T he  CUSUM test also serves as  a  vehicle for 
experim enting w ith th e  new long run variance estim ato r to  be introduced in the nex t section.
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m ore overrejection if the  Newey-W est es tim ato r is used, b u t there is not enough rejection if the 

QS es tim ato r (w ith prew hitening\recoloring) is used. T h e  reason is th a t th e  QS estim ato r w ith 

prew hitening\recoloring is m ore precise; the long run  variance estim ate used in the denom inator 

is large if p  is large; therefore, the te st sta tistics are sm all in absolute value. Since the Newey- 

W est es tim a to r has a  window w id th /tru n c a tio n  p aram eter, the long run variance is 

underestim ated  when p  is large; therefore, the  test sta tis tics are large in abso lu te  value. Because 

o f th is  underestim ation , the  power of the tests is fairly good using the Newey-W est estim ator, 

b u t very poor using the QS estim ator.

T ab le  3.2.3 con tains the sim ulation  results for the case of a  linear trend . T h e  results are 

sim ilar to  th e  case of an  intercept; the above discussion still applies here.

3.2.3 T he F luctua tion  of the  Recursive E stim ate  o f T rend Coefficients

3.2.3A. T h e  T est S ta tis tic

Let b ( r )  be the OLS estim ate  o f b using only the first [Tr] observations, then

(3.2.8) b ( r )  - b =  [E [ lr1] f '( t /T )f ( t/T ) ]-1[ s [ l ^ f ' ( t / T ) e t]

where et =  u t under H0 and  et =  Xt under H x. W e have,

T heorem  3.2.4

(i) U nder H0, >[T(b(r) - b) => <r[ J5 f 'f]-1[ J ^ d W ] ;

(ii) U nder H x, ( lA jT )(b ( r)  - b) => <r[ J 5 f ,f]“1 [ Jfff^W].

So under H0, b ( r )  is consistent for b. As in PK K  (1989), our test s ta tis tic  will be based on 

functionals o f th e  following quan tity ,

S (r)  =  ^ / ( t / T M / T ) ] 1^ ! - )  - b ( l)] , t  e  (0, 1).
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Its asymptotic distribution is given below.

Theorem  3.2.5

(i) Under H0, S (r)  =* r  [ J J f 'f ] 1/ 2 [ [ J J f ' dW]  - [JS f 'q -1[J5 f'd W ]}

(ii) Under Hx, S ( r ) / ( T /m x ) =► r  [ J ̂ f ] 1 /2  [[ J Jf 'f] ' 1 [ J Jf'W ] - [ J ̂ [ U ^ W ] ] .

For a  linear trend , f(r) =  (1, r). If th e  square root of a  m a trix  is taken  as its Choleski 

decom position, then  the asym pto tic  d is tribu tion  under H0 is

1 0 (1/3)W(T) - (2r)_1 J  JrdW
r  “f 
(1/3)W(1) - (1/2) JJrdW

12
1/2 l / r J H

< - r
- (2r)-1W(r) + r ' 2 J  JrdW ■ (1/2)W(1) + JJrdW

(3.2.9) =  12A [B (r)-rB (l)]

R em arks

(i) I f  f ( t /T )  =  1 includes only an in tercep t, then Theorem  3.2.5 collapses to  Theorem  3.2.1.

(ii) T heorem  3.2.5 (i) extends the results in PIvK (1989) to  the  case of trending data. T hey  

assum e th a t,

(3.2.10) f(l /T )  is either stochastic or determ inistic

(3.2.11a) ^ / ( t / T ^ t / T )  -  J j F f  =  R

(3.2.11b) _ J _ E [Tr]f/( t /T ) f ( t /T )  _  R

(3.2.12) ^ s [ ^ ] f ( t / T ) Ut => <rR1/ 2W (r)

So in  our no ta tion
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(3.2.13) [ JS r tH JA f 'q - 1 =  n k+1.

T hen  under H0,

(3.2.14) [S [Z j^ ( t /T ) f ( t /T ) ]  (b (r )  - b ( l) )  =► o- R 1' 2 [W (r) - rW (l)].

A fter standard ization  using (3.2.11) and  (3.2.13),

(3.2.15) ^ [ E ' L ^ t / T W t / T )]172 (b (r )  - b ( l) )  => a  W °(r)

cf. P K K  (1989), equations (11) and (12). Therefore the  asym pto tic  d istribu tion  does no t depend 

on f, the  regressors in the  regression.

For Theorem  3.2.5, conditions (3.2.11b) and (3.2.13) are no longer true, since they also 

depend on th e  cu rva tu re of the function f. Therefore sim plification of the  asym ptotic 

d istribu tion  to  a  Brownian Bridge as in (3.2.15) is no longer possible. Results in Theorem  3.2.5 

typify  the way in which th e  asym pto tic  d istribu tion  depends on the regressors in te s ts  for unit 

root.

Note th a t  S (r)  is a  random  function in Dk[0, 1]. There are m any ways to  transform  the 

random  function in Dk[0, 1] in to  a  random  variable. T he norm  in Rk transform s th e  random  

function in Dk[0, 1] in to  random  function in D[0, 1]. M any transform ations can tu rn  the 

random  function in D[0, 1] into a  random  variable. For exam ple, for th e  first s tep , the Max 

norm  and  the Euclidean norm  can be used; for the second step , the  suprem um , the in tegral over 

(0, 1) and th e  range can be used. PKK  (1989) used the M ax norm  || S 11̂  along w ith the 

suprem um . W e will exam ine the use o f the  Max norm  || S 11̂  and the Euclidean norm  || SII along 

w ith  the suprem um . T he suprem um  and  the range of || S (t ) || over (0, 1) a re  the sam e since the 

function is positive (due to  taking the norm ) and  the m inim um  is 0 (a t r  =  1). O ur test 

s ta tis tics  are denoted as
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where t  is the  trim m ing  param eter.

O ur fluctuation  tests are related to  the “direct” tests  for changing trend  of Chu and  

W hite  (1992). T heir te sts  are based on the  sam e idea of param ete r fluctuation  over subsam ples. 

W hile they test for the fluctuation  in the in tercep t and  the slope separate ly , we test for the  

overall fluctuation  of the  in tercept and  the  slope as a  whole. S tack ing  the ir te s ts  for fluctuation  

in th e  in tercep t and  the  slope together in to  vector S, then S can  be defined sim ilarly  to  S, b u t 

w ith the  m a tr ix  Choleski decom position replaced by an  app ro p ria te  d iagonal scaling m atrix .

3.2.3B. S im ulated  C ritical Values

T he  asym pto tic  d istribu tion  under H0 w ith a  linear trend  in  T heorem  3.2.5 is calculated 

by sim ulation , and  reported  in T able 3.2.4. T h e  critical values for no-trim m ing are 

substan tia lly  larger th a n  those for 15% trim m ing . T he reason for th is  can easily be seen from  

the  asym pto tic  d istribu tion  (3.2.8). T ake a  realization D (r) from  th e  asym pto tic  d istribu tion . 

A t th e  beginning of the  sam ple, r  is sm all, hence r ' 2 is very large, and  the (2,1) elem ent of 

B (r) , hence th a t  o f B ( r ) - rB ( l ) ,  is very large. Because the Choleski factor A is lower triangular, 

the  very large (2,1) elem ent o f B (r) m akes the  (2,1) elem ent o f D (r )  very large. T he very large

(2,1) elem ent of D ( t )  m akes the M ax norm  and  the E uclidean  norm  very large and  

approxim ately  equal. B ut w ith some trim m ing  (15% for exam ple), r ' 2 is no longer so large, 

therefore, the  M ax norm  and the Euclidean norm  are not large. B u t the above argum ent still 

m akes the ir values close. T h is is reflected in the  tabu lation  o f critica l values in T able 3.2.2. 

Specifically, for the case of a  linear trend  and no trim m ing ,

P (F L j <  64.056) =  0.90, <  75.772) =  0.95, P (F L j <  99.607) =  0.99,
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P (F L 2 <  64.056) =  0.90, P (F L 2 <  75.773) =  0.95, P (F L 2 <  99.607) =  0.99;

for th e  case o f a  linear tren d  and 15% trim m ing  ( r  =  0.15),

P fF I^  <  4.618) =  0.90, P (F L X <  5.204) =  0.95, P ^  <  6.382) =  0.99,

P (F L 2 <  4.930) =  0.90, P (F L 2 <  5.527) =  0.95, P (F L 2 <  6.741) =  0.99.

3.2.4 D istinguishing D eterm inistic T rend  w ith Breaks from  Stochastic T rend

As m entioned before, our proposed tests do n o t have any power to  distinguish  a  break in 

the trend  coefficients from  a  true  un it root. If there is a  break in the  trend , th e  test s ta tis tics  

tend  to  have a  larger value, thus resulting in the rejection of the null m odel. However, if  the

correct breaking trend  is included in the regression and  the series is s ta tio n ary  w ith a  breaking

trend , then th e  te st s ta tis tic s  should have sm all values, thus not resulting in th e  rejection o f  the  

null. If  an  incorrect breaking trend  is included in the regression, the te st s ta tis tics  should s till be 

large. In reality , th e  location of the break is never known in advance. M ost likely it  is chosen 

by a  data-based  selection procedure, for exam ple by a  plot o f the d a ta . Based on the above 

analysis, th e  selection procedure for the  break po in t can be based on a  grid search over the break 

fraction  (»;), for exam ple, for rj =  0.1, 0.2, •••, 0.9. T h e  value of r) a t  which the  CUSUM test 

s ta tis tic  is the  sm allest is chosen as the true  break fraction.

Once the  break po in t is found, the tim e trend  w ith break can be form ed an d  the 

CUSUM  test can be done as usual. Sim ilarly to  the Perron approach, the asym pto tic  

d istribu tion  is incorrect if  the  endogeneity of the breaking point is no t taken in to  account.

T ab le  3.2.5 ta b u la tes  the null d istribu tion  of the CUSUM test under the presence o f a  

one-tim e sh ift in the  m ean. T ab le  3.2.6 tabu la tes the  null d istribu tion  o f the CUSUM  test under 

the presence of a  one-tim e sh ift in the in tercept and the  slope (the locations o f the  shifts for the 

m ean and  slope are the  sam e). Specifically, for the case of an  in tercept only and  no trim m ing ,

46

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



www.manaraa.com

the  m inim um  CUSUM sta tistic , denoted as m CU, has the following critical values,

P (m C U  <  0.717) =  0.90, P(m CU  <  0.776) =  0.95, P (m C U  <  0.913) =  0.99; 

for the  case o f a  linear trend and t rim m ing,

P (m C U  <  0.510) =  0.90, P(m CU  <  0.539) =  0.95, P(m C U  <  0.606) =  0.99.

3.3 An A daptive E stim ato r of the  Lone Run V ariance

3.3.1 In troduction

T he asym pto tic  d istribu tions of our test for s ta tio n a rity  as well as th a t of P ark  (1990) 

and  Bierens (1991a) all depend on the long run variance proportionally . In order for th e  test to  

be free o f nuisance param eters, an  estim ate o f the  long run variance is needed. T he  long run 

variance is th a t  o f the  series itself under s ta tio n arity , and th a t of its  first difference under un it 

root. Therefore consistent es tim ation  of the long run variance under both u n it root and  

s ta tio n a rity  calls for a  switch in the random  variable used in the estim ation . However such a  

sw itch is no t necessary in the trad itional test for unit root when the un it root m odel is taken as 

th e  null model, cf. Phillips and Perron (1988). W ith  the s ta tio n a rity  as  the null model, the 

estim ate of the long run variance often uses a  detrended version of the  series in estim ation, 

which is consistent under sta tionarity . B ut under the alternative  of u n it root, th is detrended 

series still has a  un it root, the estim ate o f the  long run variance using th is detrended  series 

explodes w ith the sam ple size, so when th is estim ate appears in the denom inator o f the test 

s ta tis tic , th e  te s t is a t  best consistent a t a  ra te  less than  the  sam ple size.

In th is  section, we develop an adap tive consistent long run variance estim ato r. T he 

consistency is proved for the class of kernels used in Andrews (1991). T he  series used in 

constructing  our estim ato r is a  weighted average of the series itself and  its  first difference, w ith 

th e  weight being a  random  variable. O ur estim ato r is adap tive  in th a t,  under s ta tio n arity , the 

weight on the first difference approaches zero, and thus the level p a rt dom inates; while under
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u n it roo t, the w eight on the level approaches zero, and thus the first difference p a rt dom inates. 

O ur es tim ato r is consistent under both s ta tionarity  and u n it root. Therefore, when the  un it root 

is taken  as  the  alternative  model, the test th a t em ploys our long run  variance estim ate can be 

consisten t a t  the ra te  o f the  sam ple size, providing m ore power in large samples.

3.3.2. An A daptive E stim ato r of the Long R un Variance

T o  facilita te  the proof o f the theoretical results, we assum e in th is  section th a t  u t 

satisfies assum ption A in th e  appendix.

Let Y t be the  series of in terest; Vt (0) be a  transform ation  of Y t w ith  param eter 0; 0 be 

an  es tim ate  of 0. For sim plicity, we ab s trac t from any  determ in istic trend  in Y t. W e are 

interested  in distinguishing two characterizations of Y t : the null m odel of sta tionarity , cf 

equation  (3.2.1a), and the alternative model o f unit root, cf. equation  (3.2.1b). As an  exam ple 

of th e  dependence of asym pto tic d istribu tions on <r2, we take a  look a t  Theorem  (3.2.1). Note 

th a t  th e  long run variance a 2 involved is th a t o f u t . Therefore, in order to  consistently estim ate 

<r2, the  random  variable used in the estim ation should be Y t under (3.2.1a) and  A Y t under 

(3.2.1b). I t seems th a t  consistent estim ation o f a 2 requires knowledge o f (3.2.1a) and  (3.2.1b). 

B ut distinguishing the tw o characterizations o f Y, is exactly  th e  purpose o f the  exercise. T he 

random  variable used in the estim ation of a 2 can be a  function of Y t such th a t asym ptotically  it 

is close to  Y t under sta tionarity  and close to  A Y t under the  un it root. For th is purpose, define 

th e  ad ap tiv e  es tim ate  of u,

(3.3.1) V ,(0 ,) =  (1 -  0, )Yt +  0, AY, =  Y t -  0 , YU1

which is a  weighted average of Y, and AY, . The random  weight 0j satisfies the following,

A ssum ption 3.3.1

(i) Under H0, 6X = op( T 1/a):

(ii) Under H ,, 1 - 0 ,  =  op(T ‘3 /2).
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For the  ease of exposition, define the true value o f 0 1 to  be 01O =  0 under H0, 610 =  1 under H j. 

T hen  A ssum ption (3.3.1) sim ply requires th a t  be consistent for 01O a t  a  certa in  ra te . In large 

sam ples, Vt (0 j) always ex tracts the sta tio n a ry  p art of Y t . Define,

(3.3.2) J T =  s ^ j T . ^ r u )

w here T(j) =  E(V tVt+j) . Then a 2 =  lim T_ 0OJ T. G iven ut (=  Vt (0o)), the kernel es tim ate  o f  a 2 

is,

(3.3.3) J X(0O) =

where m T is the bandw idth  param eter, or w hat is com m only known as th e  lag  trunca tion  

param eter,

k ( j /m T) is the  w eighting function for the sam ple au tocorre la tion  function a t  lag j ,  

f ( j , 0o) =  TS ?= iVt(^o)v t+ j(0o) for J >  and r ( j )  =  f ( - j )  for j  <  0 .

T he  difference between J x  and J T(0O) are the  weighting function k ( j /m T) and  th e  error involved 

in  approx im ating  the  expectation by the sam ple q u an tity . T he  class of kernels are as defined 

in Andrews (1991),

*! =  {  k( •): R -  [-1.1] | k(0) =  1. k (x )= k (-x ), Vx €  R, |k (x )|dx  <  oo,

k(x) is continuous a t x =  0 . and at all b u t a  finite num ber of o ther po in ts ^

For exam ple, for the B artlett estim ator, k(x) =  1 - |x |, |x | <  1; 0, otherw ise. If u t is not 

observable, then a  model has to  be estim ated . W ith  an estim ate of 0, say 6, we get an es tim ate  

o f u t , say Vt (0). Define,

(3.3.4) JT(fl) = S jt.1(T. I)ka /m T)fa ,ff)
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T he difference between J-j(0) and J T(#0) is the estim ation  error in 6. T he  ad ap tiv e  estim ate

(3.3.1) can be viewed in th is way. If  the null m odel for Y t is trend  s ta tio n a rity ,

(3.3.5) H0: Y t =  p  +  /? ( t/T )  +  u t =  x t02 +  u t

and  the alternative  m odel is u n it root w ith d rift

(3.3.6) Hi:  Y t =  Y0 +  #*(t /T )  +  E}=lUj s  x t02 +  £}=lUj

then in order to  construct an appropria te  un it roo t test, Y t has to  be detrended . Note th a t  now 

we are using x t to  denote the determ inistic trend , instead of a  realization  o f  a  stochastic  process. 

T h e  determ inistic trend  xt in the above equation  has th e  sam e o rder o f m ag n itu d e  as a  

s ta tionary  variable. Denote the  detrending param ete rs as 92, and  its  es tim ate  as  02.

A ssum ption 3.3.2

(3.3.7) (i) >|T(02 - 0M ) =  Op( l )  under H0,

(3.3.8) (ii) (1/> |T)(02 - 02O) =  O p( l )  under H ,.

F or the OLS estim ate  of 02, A ssum ption (3.3.2) is guaran teed  by an  a rgum en t sim ilar to  

T heorem  3.2.3. S im ilarly to  (3.3.1), we define.

(3.3.9) V,(fl) =  (Y,- x ,02) - 0 ,(Y,., - x t. ,0 2)

W hen 9 is consistent for 0. under 1I0 for exam ple, then (3.3.4) is consistent for cr2, cf. Newey and 

W est (1987), Andrews (1991), am ong others. However when 02 is n o t consistent for 02, under

H j for exam ple, (3.3.4) m ight still be consistent for a 2 if is “sufficiently” consisten t for 9 V

P roof of the consistency of estim ate  for cr2 in the  lite ra tu re  has been using a  T ay lo r series 

expansion approach to  bound the difference between f(j.O) and  f( j ,0 o ). F rom  (3.3.10),
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(3.3.10)
0V t(0) _  

d e  ~
•v t - l  '  x l - l ° 2

fll - e F *  u

( x t  • x t - l ® l ) 1 H 1 - ( x f x t - i ) '

(3.3.11)
0 2V t(0)

dOdO'

0 xt-1

't-1

T he  tw o-term  T ay lo r series expansion for Vt (0) is,

(3.3.12) V t (0 ) =  Vt (0o) +  [SVt (0o)/cW](0-0o) +  ( l / 2 ) ( M on 0 2Vt( 0 ) /9 W ](0 -0 o)

where 6 =  60 +  a(6-80), a  €  [0, 1]. So although the first elem ent of the  first order derivative, 

d V t (8 ) /d 8 ,  does no t satisfy the uniform  bounding condition of A ssum ption B(ii) o f  Andrews 

(1991) or Theorem  2(ii) o f Newey and  W est (1987) in the T aylor series expansion, the  strong 

consistency o f 6 X in A ssum ption (3 .3 .1)(ii) com pensates for th is  unboundedness. T he  second 

order derivative, d 2Vt(0 ) / d 0 d 8 \  does not depend on 6\ it satisfies the  uniform  bounding 

condition, of A ssum ption C(ii) of Andrews (1991). Its m ain diagonal elem ents are equal to  

zeros, so the second order term  in the T aylor series expansion involves only the cross product 

term , (0 j  - 0 1O)(0 2 - 020); here the strong consistency in 9X again com pensates for the 

inconsistency o f 92.

T h e above analysis suggests th a t (3.3.12) provide a  consistent es tim ate of <r2, which is 

indeed the  case, as proved in the following theorem .

Theorem  3.3.1 Let u t satisfy A ssum ption A in Appendix A, 9 X satisfy A ssum ption (3.3.1), and 

02 satisfy A ssum ption (3.3.2), k( •) 6  k i , m T — oo.

(i) If m y /T  — 0, then J T(fl) - Jy  =  op( l) ,  and Jy (0 ) - Jy(0o) =  °p(^)-

(ii) If my*+1/ T  — 7  6  (0, oo) for some q €  (0. oo) for which kq, | f ^ |  <  oo, then 

ijT /m -p(J-j>() - Jy )  =  O p (l). and /my(Jy(<?) - Jy(#o)) =  °pO)>
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where kq, f ^  are defined in the appendix.

Proof: see A ppendix A.

Therefore, consistent es tim ation  of <r2 requires only th a t  m j  =  o(>|T), b u t th e  ra te  o f 

consistency is unknown. T he condition in (ii) m ay be stronger or weaker th a n  th a t  in (i) 

depending on the  value of q. For the B artle tt estim ator, q =  1, cf. Andrews (1991). F rom  (ii), 

th e  ra te  o f  consistency of the kernel es tim ato r is . jT /m p  =  T q^ 2q4’1\  the  lim it o f  w hich when q 

—» oo is ■'JT, the fam iliar result in nonparam etric sta tistica l estim ation . T he  larger th e  value of 

q , th e  slower m T grows, and the  higher the ra te  of consistency6.

A ssum ption (3.3.1) suggests th a t be constructed as a  random  variable bounded to  the 

in te rval [0, 1] which approaches the correct bound asym ptotically . T he  easiest w ay to  bound a  

random  variable to  [0, 1] is the exponential function and the probability  m easure. F irs t we 

discuss th e  constructs using the exponential function. Let A p(y) be a  function o f  the  d a ta  such 

th a t ,

(3 .3.13a) under H0, Ap — +oo

(3.3.13b) under H ,, AT £  0

then  let 6 j =  exp(-[Aq-I^) where u  controls the rate  of convergence of 0 j (j/> 0). A p can easily 

be constructed  from  the trad itional test for unit root. Let Bp be the trad itiona l te s t sta tistic . If 

i t  is a  consistent test, then under our 110, Bp =  O pO '1), c >  0; under our H j, B p  =  O p( l) .  I t is 

triv ia l th a t  Ap =  T '^B p , ?/ <  c. satisfies (3.3.13). For exam ple, for B p =  T ( l-p ) ,  where p  is the

6T he difference in the growth ra te  of n ip  required for consistency o f Jp (0 ) in  the 
lite ra tu re  largely is the result of using different probabilistic inequalities in  proving the 
consistency. For exam ple, there are two uses for m T =  oJT 1^4) in the proof of Newey and W est 
(1987). T he first is for Jp (0 o)-E Jp(0o) for which they used a  bound on 
Var(ET= j+ 1u tut .j ) < T ( j + l ) D m, while Andrews (1991) uses a  sharper bound on v a r (JT(0o)) due 
to  H annan (1970), and Hansen (1992) uses yet ano ther sharp  inequality . T he  second is for 
Jp (0 )-JT (0o), they use some bounds on \ ;t ( 0 ) d \rl ( 0 ) /d 0 y while Bierens (1992b) uses a  bound on

Wt (6 ) d \ / l ( 6 ) /d 0 .  For Theorem  (3.3.1)(i ). we use the sam e bound as Newey and  W est, b u t 

for (ii), th e  bound on ^ E ^  Vt (fl)fA; ((tf)/c!fl due to  Bierens (1992b) is used.
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first order autocorrelation coefficient of yt, it is well known that e =  1.

It is desirable th a t BT, and  so Ay, does not depend on the scale of y t . Since otherw ise , 

rescaling y t would change the s ta tio n a ri ty /u n it root behavior of yt . T h is rules o u t [ l /(T " 2£ y 2)] 

as a  choice for BT, the inverse o f which is the basis for the  Kwiatkowski, P hillips and  Schm idt 

(1990) te s t for s ta tio n arity .

C onditional on a  first stage sta tis tic  By, we can infer the probability  th a t  th e  series y t is 

sta tio n a ry  (1(0)), P (I(0 )|B y ), and  the probability  th a t  it has a  un it roo t (1(1)), P (I( 1)|BT ), cf. 

Stock (1992) and E llio tt and  Stock (1992). Let =  P (I(1 )) |B T), then  -2.0 under H0, 03 -2. 1 

under H j. W ith th is es tim ate  of 0 ,, testing for unit ro o t/s ta tio n a rity  is seen as an  iterative 

process. B ut the ra te  o f convergence of 0 j is difficult to  establish; therefore, we do n o t fu rther 

pursue th is choice of 6^ here.

T he kernel es tim ato rs o f the long run variance approx im ate  the  unknown 

autocorrelations in the series by an increasingly higher order moving average process (justifying 

th e  truncation). W hen the serial correlations are high, for a  near u n it root process for exam ple, 

the  truncation  m ay introduce substan tia l error in to  the estim ation . B ut on th e  o ther hand, if 

th e  serial correlation is low, for a  series close to  w hite noise for exam ple, such tru n ca tio n  may 

work well. T o  im prove the  quality  of estim ation , Andrews and M onahan (1992) propose a  

prew hitening/recoloring procedure, which consists of four steps,

(i) es tim ate param eters and 02, and construct V t (01(02) as before;

(ii) prew hitening — fit a  sim ple AR(p) model to  Vt (0 j,02), typically p =  1, save th e  the

AR coefficient es tim ates (say 03 ) and the  residuals V JT (0 j,0 2 ,0 3 )  =  Vt (0 j,02)-

E g = iV t(M 2)*3i;

(iii) apply the kernel es tim ation  using V*. denote the estim ate as Jy (0 );

(iv) recoloring — the final estim ate of the long run variance of V t (0o) is Jy (0 )(l-E p= 103i)"2. 

T he  residuals after the prew hitening are expected to  be close to  w hite noise; therefore, the kernel
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estim ate  is expected to  do better. If the coefficient estim ates in the prew hitening are consistent 

for som e poin ts in the param eter space, the recoloring is consistent for th e  inverse 

transfo rm ation . It is easy to  show th a t Theorem  (3.3.1) holds for the prew hitening/recoloring 

kernel es tim ate .

3.3.3 M onte C arlo  S im ulation

T ab les  3.3.1 an d  3.3.2 contains the sim ulation  results for the d a ta  generating  process

(l-p B )Y t =  (l-0 B )u t .

Indeed, for all th e  choices of the truncation  lag m T, our adaptive estim ate  o f cr2 is very close to  

th e  Newey-W est estim ate  for p  =  (0, 0.8), p =  0.9 (0 =  0, 0.5), and 0 =  0.95 (0 =  0.0). T h is is 

because for these cases, the adaptive weight 0 X is very close to the asym pto tic  value of zero, cf. 

T ab le  3.3.2. Because of the superconsistency of p  for the un it root process, the ad ap tiv e  weight 

is very close to  the  asym pto tic  value of one, cf. T ab le  3.3.2. T he level p a r t in (3.3.1) receives 

a  negligible w eight, so the first difference p art dom inates. W hile the  Newey-W est estim ate 

explodes because it is es tim ating  an infinite qu an tity , our adap tive  estim ate  rem ains finite 

because it is consistent for cr2 which is the long run variance of th e  first difference of Y t . T he 

difference in th e  behavior o f a 2 for the unit root case is all th a t  m a tte rs  for the pow er o f the test 

for s ta tio n a rity . For the  near unit root process (p  =  0.95), the ad ap tiv e  es tim a to r gives 

su b stan tia l w eight to  the first difference p art (0X =  (0.335, 0.811) for 9 — (0, -0 .5)), which pulls 

down the  es tim ate  of i t 2 . Note th a t for the near-unit, root process, th e  Newey-W est es tim ate  is 

already  a  underestim ate  of a 2, bu t our adap tive  es tim ato r is a  further underestim ate .

3.4 A pplication of the  A daptive E stim ator to  T esting  for S ta tionarity

W ith  the new consistent long run variance estim ato r, we can construct som e new un it 

root te s ts  w ith im proved power, a t  least in large sam ples. In th is section, we exam ine the
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power im provem ent for P ark 's  (1990) \ 2 test, the CUSUM and fluctuation  te st introduced 

earlier in the  chapter.

3.4.1 P a rk ’s (1990) x 2 T est

3.4.1 A T h e  T est S tatistic

F or the ease of proof, we present our result for the case o f orthogonal polynom ial 

regression in troduced in C hap ter 2.

Let the  null hypothesis be linear trend  s ta tio n arity , an d  th e  alternative  be un it root 

w ith d rift, cf. equations (3.2.5) and (3.2.0) w ith f ( t/T )b  =  b0 +  b j ( t /T ) .  Define

(3.4.1) Nj =  b2/<r

where b is the  regression coefficient in the orthogonal regression 2.3.8. Then from  Theorem

2.3.1, it is triv ia l th a t

T heorem  3.4.1

(i) Under H0, N , => N(0, 1):

(ii) under H1( N j/T  => J q 5(r)W (r)d r ~  N(0, s2) 

where s2 can be calculated from Theorem  2.2.3.

W ith  m ultip le  superfluous regressors, we can construct a  \ 2 test. Define
(3.4.2) N2 =  ( b | +  b2)/<r2.

T hen  triv ia lly  from  Theorem  2.3.1, we have

T heorem  3.4.2

(i) Under H0, N2 => ,y2(2):

(ii) under H j, N2 /T 2 =* [ J q ;(r)\V (r)d r ]2 +  [ Jq 5 (r)W (r)d r ]2
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The N2 test is similar to the \ 2 test of Park (1990), but with improved power.

3 .4 .l.B  S im ulation  Results

T ab les (3.4.1) and (3.4.2) contains the results of s im ulation  w ith th e  x 2 test w ith one 

degree of freedom  (one superfluous regressor). T he size d isto rtion  is high for near un it root 

processes using both estim ates of llie long run variance. As a  com parison, if we used the true 

value of th e  long run variance a 2, the size and power com parison would be m uch better. 

Therefore, th e  size over-distortion is due to the underestim ate o f the long run variance o f both 

th e  original an d  the adap tive  Newey-W est estim ator. The power of the test using th e  adaptive 

es tim ato r is much better. Im proving the power while keeping th e  size d isto rtion  a t  the  same 

level as before is the sole objective of designing the adap tive estim ato r.

3.4.2 T he CUSUM T est

T ab le  3.4.3 contains sim ulation  results on the CUSUM test for s ta tio n arity  using the 

new ad ap tiv e  estim ator, T able 3.4.4 is the result w ith a  linear trend . C om paring w ith the 

resu lts in Section 3.2, we see th a t indeed the power of the test has been im proved substan tia lly .

3.5 S um m ary and Conclusion

Using results on spurious regression, we find th a t te s ts  for param eter s tab ility  also have 

power aga in st unit root process. T he asym ptotic d istribu tions o f the CUSUM test using OLS 

residuals an d  o f the param eter fluctuation  test in subsam ples are derived under the null of trend 

s ta tio n a rity . S im ulation results show th a t the tests have reasonable em pirical sizes and 

reasonable power.

M any inference procedures in tim e series analysis relies on asym pto tic  theory, the 

asym pto tic  d istribu tion  involved often is proportional to  ( th e  square roo t of) the  long run 

variance o f the  underlying series. T o  get a  nuisance param eter free d istribu tion , a  consistent
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es tim ate  of the  long run variance is needed. T he problem  w ith the existing long run  variance 

estim ato rs, e. g. the Newey-W est estim ator, is th a t they are  inconsistent under interesting 

a lte rn a tiv e  hypothesis, therefore the power of the test m ay be affected. For exam ple, if the null 

hypothesis is s ta tionarity  and the alternative is un it root, the  Newey-W est estim ato r is 

consistent under the null, bu t explodes under the alternative. If the  te s t s ta tis tic  is constructed 

as  some sam ple quan tity  divided by this long run variance estim ato r, the  power o f the  te s t is 

weakened.

In th is  chapter, we propose an adap tive estim ato r of the  long run  variance. T he series 

used in the  Newey-W est type of es tim ato r is a  weighted average of the  series of in terest under 

the  null and  under the  alternative, with the weight being a  random  variable. O ur estim ato r is 

consistent under both the null and the alternative.

F inally we apply the adap tive estim ator of the long run variance to  the CUSUM test, 

the  param eter fluctuation  test, and P ark ’s \ 2 test. Indeed using the adap tive  long run  variance 

es tim ato r significantly im proves the power of the tests.
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Appendix A. Proof of Theorem 3.3.1

T o  sim plify the proof, we ad o p t th e  following assum ptions from  Andrews (1991). Due 

to  the  nonsta tionary  natu re  of the trending  regressors x t , the  sam ple quan titie s are used instead 

of the  expectation  as in Andrews (1991). Let 60 be the  tru e  value of the  p aram eter 6, and © be 

a  sm all convex neighborhood of 6Q.

A ssum ption A

(i) ut is m ean zero, fourth order sta tio n ary  random  variable;

T he proof is sim ilar to  th a t  for T heorem  1 of Andrews (1991). I t  consists of some 

T aylor series expansions and inequalities involving V t , d V J d O ,  and  d 2V J d O d O '.  For ease of 

no ta tion , we drop  the  subscript T  from  m T and  J T .

Under the conditions in (i) and (ii) o f the theorem , Proposition 1 o f  Andrews (1991)

holds under both  H0 and  H j. For (i), J (0 o)-J =  op( l ) ;  for (ii), > |T /m  [J(0q)-J] =  O p(i)-  So to
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(ii) £ j | r ( j ) |  <  oo;

(iii) E j , m , n < ° ' j - rn ’n ) <  °°»

where /c ( t ,t+ j,t+ m ,t+ n )  =  E (u tu t+ ju t+m u t+ n)

A ssum ption B

(i) =  O p( l) ;

(ii) ( M i o )  =  O p(T-3/ 2) and [0r 8m ) =  Op(>|T);

(iii) ^ E tsup fl g e V?(0) <  oo;
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com plete th e  proof, we need to provide bounds for [J(#)-J(0o)]. For this, we follow the steps 

Andrew s (1991) which relies on T aylor series expansions of J(0) a t  60.

F or (i), we need th e  following m ean value expansion for J ,

(3A.1)

where 9 =  9Q +  a 1(^-0o), a j  e  [0, 1].

39 m e  -  e 0 )]

I ■'Tf

B ut ^  Ej |k ( j/S T )| —» J |k ( x ) |d x  <  oo, if it can be shown th a t

(3A.2) m e  - m =  0_ (1)

then

(3A.3)

For (ii), we will use the  following T ay lo r series expansion for J ,

f T l w -•>(«„)] = 4 ? - M  +1 f W • M' j f e  w  N W •

(3A.4) =  L iT H T (0  - fl0)l +  \  - M ' L2tN T (*  - 0O)]

where 9 =  0Q +  a 2(9-90 ), a 2 6  [0, 1]. If it can be shown th a t 

(3A.5) LlT [ f T ( 0 - 0 o)] =  op( l) ,

and

(3A.6) m e  - M , l 2t [ W  - «0)] =  O p W
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then

(3A.7) W o ) )  =  op( i) .

N ote th a t

d2v t{0) 
dOdO'

0 x

't-1

SO

N T (0  - f fo M 'L w N rtf - M  =  q f c  S j k O / m ) ^  x ^ T ^ - ^ ) ^ - ^ ) ]

b u t from  A ssum ption (3.2.1) an d  (3.2.2),

(3A.8) T (0 2-02o)(01-0 lo) =  O p( l)  under both H0 and H x

therefore

< J f  ikSj|kU/m )ll4rSt x t. 1 | |O p( l )

=  O J ^ )

(3A.6) is proved. Note th a t  (3A.8) is the  only result th a t depends on the extrem ely strong rate 

o f convergence of 0 under Hx.

T he  rest of the proof consists of establishing (3A.2) and  (3A.5) under both H0  and  Hx. 

F irs t we need some results on T aylor series expansion,

(3A .9a) v t (<?) =  v t(*0) +  \ 0-eQ) +  \ ^ - e Qy d̂ ^ ) - { e - e 0)

m o M  a v t(g) _ d v t{0Q) d2v t(9)
(3A-9b ) Qe -  dg +  a e d 9 , (o - e0 )

where 6 =  0Q +  a 3 (0-0o), o ;J €  [0 . 1], 6 =  0Q +  « 4 (0-0o). t*4 6  [0 , 1].

60
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Under H0,

avt(0o)
do

A ssum ptions B '’) '" ') '"  ) hold.

suPj > l
e ra ,» )B

30  II =  SU P j >  j _Lv
T

(  .
do 30 0

<  2 [ i s tsu p a e  0 V*(0)]1/2[ i s isup* g 0
1/2

=  0  ( 1 ) by 13(iii)(iv)

(3A.2) holds by B(i).

LlT = - > j k T Sj k(j / ni)Et(ut(ut+j’ xt+j) +  ut+j(ut’ xt)) 

=  - W  TS j k(J/*«)S t( 2 ut ut+ j, utx t+ j+ u t+ jx t )

By (A .13) of Andrews (1991),

k(j/m)Etutut+j =  Op(l)

Sim ilar to  (A .15) of Andrews, it is easy to  show th a t,

E (^ = lE i  k(j/m)Etutx t+ i)2 =  Op(m /T)

k0 / m )s tut+jxt)2 =  ° P(m/ T )

so L1T =  op( l ) ,  and (3A.5) holds by B(i). T he proof under H0  is com plete.

Under H j,

61
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so dW t (9 ) /d 9  is unbounded in 0 .  However under A ssum ption B(ii),

a v t (go) ,a

From (3A.9b),

- r  W o )  = r fe t f i&mOrOio)  - t(^,2-«2,2,o) = Op(l/^T).

-  dv^ o )  to o \ \ too Yd2yW  (h QQ ( M 0 ) -  dg (9-90)+  (9-90) d g d g , (9 - 90)

=  O p( l / m

Using the  T ay lo r series expansion for Vt (0), (3A .9a), and the above results, i t  is triv ia l th a t 

B(iii) and  B(v) hold, bu t B(i) (iv) do not. Note th a t for the above results to  hold, i t  is no t 

necessary th a t  =  O p( l /T ) .  They are valid as long as ''IT(£1-01O) =  Op(l/'>lT).

However,

suPj > l m o - 9 Q)

= ^Pj > k - i + vt+j(®>nr* w m S )

< 2 [iE tsuP(, 6 e V?(0)]1/2 r j^ s u p ,  6 0  (p^P - <T0-6o)J
1 / 2

=  Op(l)

(3A .2) is proved.

LxtN T (*  - 90)] =  - k (j/m  )S lul[ s ^ { 1 uk> j T ( +  (l/> lT )(*2 ,2-*2 l2 .o)]

(3A.10) k ( j /m ) £ | ut + j [ E ^ 1ukf r ( ^ 1-0lo ) +  (l/> lT )(fl2i2.tf2i2i0)]

It is shown in Bierens (1992b) (cf. equations (9.5.8) and (9.5.10)) th a t,

O p( £ ) .

02
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From this, we have,

^ B Si k a / r a ) ^ S t ulS ^ u k =  Op(m ).

F rom  A ssum ption B(ii),

(3A.11) ^  Ej k a /m ) ^ E tu lE |+ V u k’JT(fl1-fl10) =  Op(m /T )

Sim ilar to  (A .15) of Andrews (1991), it is easy to  show th a t,

k ( j /m )E tu t ) 2 =  Op(m /T )

so

^ jL iE j  k (j /  111) E, U, ( 1 / \JT)(^2,2"^2,2,0) =  Opt1)

A sim ilar resu lt holds for the second term  in (3A.10). So (3A.5) holds. N ote th a t  i t  i: 

necessary for (3A.5) th a t =  O p( l /T ) ;  it holds as long as =  op( l /m ) .

proof under H j is com plete.

G3

not

The

□
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A ppendix B. Andrew s O ptim al Q uadratic  Spectral E stim ato r o f  long run variance

T he m ateria ls  covered here are from  Andrews (1991), and  are included only for 

com pleteness and  for illu strative purposes.

T h e  quan titie s  kq and  f ^  in Theorem  3.2.1 m easure the sm oothness of the  kernel k( •) 

and  the  spectral density  function f(A) o f u t a t  zero, cf Andrews (1991),

kq =  lim x_ 0  for q €  [0 , oo)

f(t‘) = i S j U|q r (j) for q  6  [0 , oo)

Exam ples o f  kernels in k j and their q values in Theorem  (3.2.1)(ii) are as follows:

1 for |x | <  1
(i) T runcated

(ii) B a rtle tt

k(x) =

k(x) =

0 otherw ise

l- |x | for |x| <  1 

0  otherwise

(iii) Parzen

1-6x2+ 6 |x |3 for 0 <  |x| <  1/2 

k(x) =  2 (l- |x |)3 for 1/2 <  |x| <  1

0 otherwise

q  =  2

(iv) T ukey-H anning k(x) =
(l+cos(?rx))/2 for |x |< l

0 otherwise
q  =  2

sin(6;rx/5)
(v) Q uadra tic  Spectral k(x) =  ^ ^ 2  '  cos(6ttx /5) j q  =  2

Theorem  2 o f A ndrews (1991) proves th a t for any given sequence of bandw idth  param eters 

{m ^}, the  QS kernel is preferred to  o ther kernels in the  asym pto tic  trunca ted  MSE. Define

64

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



www.manaraa.com

Q(q) = (^c,)/f (0))2

mT =  (<lk2a (q )T /J -k 2( x ) d x ) 1/ (2q+1)

then  Andrews (1991), in Corollary 1, shows th a t the sequence is preferred to  o ther sequences 

{mT } in the  asym pto tic  truncated  MSE. For the fam iliar kernels,

B artle tt m ^  =  1 .1 4 4 7 (a (l)T )1/3

Parzen m^. =  2 .6614(a(2 )T )x^5

T ukey-H anning n i j  =  1 .7462(a(2)T )1^5

QS m j  =  1 .3221(a(2)T )1/s

B ut involves unknown param eters u (q ), which can be estim ated  by assum ing and 

consistently  es tim ating  an AR(1) model for Vt (0),

&(2) =  4p2/ ( l - p f  

d ( l)  = 4p2/[( l-p )2( l+ p )2]

m T =  (q k q d (q )T / J k 2(x )d x ) X/ (2q+1)

Theorem  3 o f Andrews (1991) establishes the consistency and  op tim ality  of the au tom atic  

bandw idth  estim ato r rnT . In the sim ulation, we use the QS estim ato r w ith an au tom atic  

bandw idth  estim ato r w ith q  =  2 .
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T ab le  3.2.1 S im ulated  A sym ptotic D istribution of the CUSUM  T est

a  =  P(Q  <  q)

a *  100

r  = 0 r  =  0.15
range sup range su p

k = 0 k = l k = 0 k = l k = 0 k = l k = 0 k = l
1 0 . 7 0 3 0 . 6 6 0 0 . 4 1 7 0 . 3 5 1 0 . 6 1 8 0 . 6 0 1 0 . 3 9 2 0 . 3 2 8
5 0 . 8 0 7 0 . 7 6 0 0 . 4 9 3 0 . 4 0 8 0 . 7 1 3 0 . 7 0 6 0 . 4 7 1 0 . 3 8 7

10 0 . 8 7 2 0 . 8 1 8 0 . 5 4 5 0 . 4 4 0 0 . 7 7 8 0 . 7 6 5 0 . 5 2 6 0 . 4 2 0
15 0 . 9 2 2 0 . 8 6 4 0 . 5 8 6 0 . 4 6 5 0 . 8 2 3 0 . 8 0 9 0 . 5 6 8 0 . 4 4 4
2 0 0 . 9 6 3 0 . 9 0 5 0 . 6 2 0 0 . 4 8 7 0 . 8 6 5 0 . 8 5 0 0 . 6 0 4 0 . 4 6 7
3 0 1 . 0 3 7 0 . 9 6 9 0 . 6 8 1 0 . 5 2 5 0 . 9 3 7 0 . 9 1 7 0 . 6 6 8 0 . 5 0 6
4 0 1 . 1 0 5 1 . 0 3 0 0 . 7 4 0 0 . 5 6 1 1 . 0 0 2 0 . 9 8 0 0 . 7 3 2 0 . 5 4 2
5 0 1 . 1 7 2 1 . 0 9 1 0 . 8 0 2 0 . 5 9 7 1 . 0 6 9 1 . 0 4 4 0 . 7 9 5 0 . 5 8 0
6 0 1 . 2 4 1 1 . 1 5 5 0 . 8 6 9 0 . 6 3 5 1 . 1 4 2 1 . 1 1 2 0 . 8 6 5 0 . 6 1 8
7 0 1 . 3 2 1 1 . 2 2 8 0 . 9 4 8 0 . 6 7 8 1 . 2 2 2 1 . 1 9 1 0 . 9 4 5 0 . 6 6 4
8 0 1 . 4 1 8 1 . 3 1 9 1 . 0 5 2 0 . 7 3 2 1 . 3 2 2 1 . 2 8 6 1 . 0 4 9 0 . 7 2 0
9 0 1 . 5 6 3 1 . 4 5 5 1 . 2 0 7 0 . 8 1 0 1 . 4 7 6 1 . 4 2 9 1 . 2 0 7 0 . 8 0 1
9 5 1 . 6 9 7 1 . 5 7 2 1 . 3 3 3 0 . 8 8 1 1 . 6 0 0 1 . 5 5 0 1 . 3 3 3 0 . 8 7 3
9 9 1 . 9 6 0 1 . 8 2 8 1 . 6 0 5 1 . 0 1 9 1 . 8 5 0 1 . 8 1 3 1 . 6 0 5 1 . 0 1 1

T he sim ulation  is based on 10000 replications o f sam ples of 500 observations, k is the 

m ain ta ined  polynom ial tim e trend . RANGE is Jsup r 6  [Til. r ]D(r) - infr g  [r  j . r ]D(r)j, SUP is 

supr g [r j . r ] |D (r) |, where D(r) is the asym pto tic  d istribu tion  in T heorem  3.2.5(i).
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Table 3.2.2 MoiU-e Carlo Simulation 011 the CUSUM Test

with An Intercept

A. T he  SUP T est ( r  =  0)

0 . 0 0 0 . 8 0 0 . 9 0 0 . 9 5 1 . 0 0
0 m 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
0 . 0 2 5 . 6 9 . 8 5 1 . 5 6 3 . 5 7 9 . 7 8 5 . 9 9 3 . 8 9 7 . 2 9 9 . 3 9 9 . 7

4 5 . 1 1 0 . 2 3 0 . 3 4 2 . 4 5 5 . 6 6 8 . 1 7 8 . 7 8 6 . 2 9 7 . 9 9 8 . 8
8 4 . 1 9 . 3 1 4 . 7 2 2 . 4 3 0 . 8 4 1 . 3 5 4 . 8 6 4 . 8 9 1 . 2 9 4 . 7

1 2 3 . 5 9 . 4 8 . 9 1 5 . 5 2 0 . 1 2 9 . 7 3 6 . 8 4 9 . 9 8 2 . 0 8 8 . 8
QS 5 . 3 9 . 4 1 . 4 4 . 7 0 . 8 2 . 3 0 . 1 0 . 4 0 . 2 0 . 5

00 5 . 5 9 . 5 2 . 0 4 . 4 1 . 6 3 . 5 1 . 0 2 . 2 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 1 0 . 3 3 9 . 1 5 1 . 8 7 4 . 7 8 2 . 6 9 2 . 0 9 6 . 4 9 9 . 7 9 9 . 9

4 0 . 2 0 . 8 2 5 . 2 3 5 . 8 5 3 . 1 6 5 . 5 7 8 . 3 8 5 . 9 9 8 . 1 9 9 . 1
8 0 . 9 2 . 2 1 1 . 9 2 1 . 8 2 8 . 1 4 2 . 0 5 3 . 8 6 4 . 4 9 1 . 9 9 5 . 2

1 2 1 . 0 4 . 3 7 . 2 1 3 . 6 1 6 . 1 2 6 . 6 3 8 . 5 4 9 . 7 8 2 . 2 8 9 . 0
QS 0 . 2 0 . 9 2 9 . 1 3 9 . 9 5 0 . 0 6 1 . 8 6 7 . 0 7 7 . 9 7 0 . 9 8 0 . 5

00 8 . 2 1 4 . 5 2 . 4 4 . 7 1 . 5 2 . 9 0 . 3 0 . 9 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 7 . 2 1 3 . 3 5 4 . 5 6 5 . 8 7 9 . 1 8 6 . 5 9 4 . 6 9 6 . 9 9 9 . 7 9 9 . 9

4 5 . 3 1 0 . 6 3 0 . 5 4 2 . 3 5 4 . 4 6 7 . 0 7 9 . 6 8 6 . 8 9 7 . 1 9 8 . 5
8 3 . 8 8 . 9 1 5 . 3 2 3 . 6 3 1 . 2 4 0 . 4 5 1 . 9 6 3 . 1 8 9 . 6 9 4 . 0

12 3 . 8 8 . 0 1 0 . 1 1 7 . 1 1 8 . 8 2 8 . 7 3 6 . 2 4 7 . 7 8 0 . 1 8 6 . 6
QS 0 . 8 2 . 1 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 1

00 4 . 0 8 . 6 2 . 6 5 . 0 1 . 9 4 . 4 0 . 3 1 . 8 1 0 0 . 0 1 0 0 . 0
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13. The RANGE Test ( r  =  0)

0 . 0 0 0 . 8 0 0 . 9 0 0 . 9 5 1 . 0 0
0 m 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
0 . 0 2 3 . 4 8 . 9 6 6 . 1 7 8 . 0 9 1 . 7 9 6 . 6 9 8 . 4 9 9 . 3 9 9 . 9 1 0 0 . 0

4 3 . 4 8 . 6 3 4 . 7 4 7 . 7 6 9 . 5 7 9 . 9 8 8 . 7 9 4 . 1 9 9 . 1 9 9 . 2
8 2 . 6 7 . 5 1 1 . 3 2 1 . 6 3 4 . 2 4 7 . 8 5 9 . 4 7 2 . 0 9 3 . 9 9 6 . 0

12 1 . 7 6 . 3 4 . 4 1 0 . 8 1 3 . 5 2 8 . 0 3 1 . 8 5 0 . 1 8 2 . 6 9 0 . 4
QS 4 . 1 9 . 0 0 . 3 1 . 0 0 . 2 0 . 3 0 . 0 0 . 0 0 . 0 0 . 0

OO 3 . 5 9 . 4 1 . 2 2 . 4 0 . 5 1 . 8 0 . 2 0 . 5 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 0 0 . 3 5 3 . 0 6 5 . 2 8 9 . 3 9 4 . 3 9 8 . 7 9 9 . 9 1 0 0 . 0 1 0 0 . 0

4 0 . 3 0 . 7 2 9 . 9 4 4 . 7 6 6 . 9 7 9 . 4 8 7 . 8 9 3 . 6 9 9 . 1 9 9 . 5
8 0 . 7 2 . 8 1 1 . 4 2 1 . 4 2 9 . 9 4 6 . 2 6 1 . 1 7 5 . 1 9 4 . 1 9 6 . 6

1 2 1 . 1 4 . 4 5 . 6 1 2 . 6 1 1 . 4 2 5 . 0 3 3 . 5 5 1 . 6 8 4 . 1 9 1 . 1
QS 0 . 4 0 . 6 3 6 . 8 4 9 . 1 6 1 . 1 7 7 . 2 7 7 . 5 8 5 . 8 5 6 . 3 6 8 . 9

00 1 3 . 7 2 3 . 2 2 . 0 3 . 6 0 . 6 1 . 7 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 7 . 0 1 3 . 9 7 1 . 6 8 2 . 2 9 1 . 0 9 5 . 6 9 8 . 4 9 9 . 3 9 9 . 8 9 9 . 9

4 4 . 3 1 0 . 5 4 1 . 4 5 4 . 2 6 8 . 4 7 8 . 2 9 0 . 4 9 5 . 2 9 9 . 1 9 9 . 6
8 2 . 7 7 . 6 1 3 . 2 2 6 . 5 3 1 . 1 4 4 . 6 6 1 . 6 7 1 . 9 9 3 . 0 9 6 . 3

1 2 1 . 7 5 . 8 5 . 7 1 2 . 9 1 3 . 2 2 4 . 9 3 2 . 7 5 0 . 1 7 9 . 8 8 7 . 8
QS 0 . 4 1 . 3 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0

oo 3 . 5 7 . 3 1 . 0 3 . 5 0 . 3 1 . 0 0 . 0 0 . 4 1 0 0 . 0 1 0 0 . 0

T h e  s i mu l a t i on  is based on 1000 repl icat ions of  t h e  fol lowing D G P ,

(1-pB)  y t =  ( l - 0 B )u t , where ut ~  NI1D(0,  1), t  =  1, 2, •••, T ,  T  =  300 

m  is t h e  n u m b e r  o f  au toco r re l a t ions  used in the Newey-YVest e s t im a t e  o f  l ong run  var iance.  T h e  

co lumn  for m  =  oo uses the  t r ue  a 2; it is only m ea n t  as  a  compar ison .
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Table 3.2.3 Monte Carlo .Simulation on the CUSUM Test

with a Linear Trend

A. T he SUP T est ( r  =  0)

p
0

op

0 . 8 0 0 . 9 0 0 . 9 5 1 . 0 0
e m 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
0 . 0 2 3 . 1 7 . 8 6 6 . 1 7 6 . 0 9 1 . 2 9 6 . 4 9 7 . 7 9 9 . 0 1 0 0 . 0 1 0 0 . 0

4 3 . 2 7 . 5 3 5 . 3 4 9 . 4 6 7 . 1 8 0 . 1 8 7 . 9 9 2 . 0 9 7 . 0 9 8 . 7
8 2 . 8 7 . 2 1 4 . 0 2 3 . 8 3 5 . 9 4 8 . 5 6 0 . 6 7 3 . 0 8 8 . 4 9 3 . 2

12 2 . 3 6 . 8 6 . 3 1 5 . 5 1 8 . 9 3 1 . 2 3 4 . 9 5 2 . 6 7 1 . 2 8 2 . 8
QS 3 . 4 8 . 0 0 . 6 2 . 2 0 . 1 0 . 3 0 . 2 0 . 2 0 . 0 0 . 1

oo 3 . 9 7 . 9 1 . 4 3 . 2 0 . 3 1 . 0 0 . 0 0 . 1 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 2 0 . 2 5 1 . 8 6 3 . 9 8 8 . 8 9 4 . 5 9 7 . 8 9 9 . 3 9 9 . 8 9 9 . 9

4 0 . 4 1 . 4 3 1 . 8 4 4 . 0 6 8 . 1 7 9 . 1 8 6 . 8 9 4 . 0 9 7 . 0 9 9 . 1
8 1 . 3 3 . 9 1 3 . 9 2 4 . 8 3 4 . 8 5 0 . 0 6 0 . 7 7 1 . 8 8 6 . 8 9 1 . 6

12 2 . 3 6 . 9 7 . 6 1 6 . 5 1 5 . 9 3 0 . 7 3 4 . 8 5 2 . 3 7 1 . 9 8 1 . 1
QS 0 . 5 1 . 5 3 6 . 9 4 9 . 3 6 5 . 7 7 6 . 7 7 7 . 7 8 6 . 8 8 2 . 6 9 1 . 3

00 1 2 . 3 2 2 . 7 1 . 1 4 . 3 0 . 4 1 . 1 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 7 . 8 1 5 . 0 6 9 . 4 7 8 . 4 9 0 . 4 9 4 . 6 9 8 . 4 9 9 . 3 9 9 . 8 9 9 . 9

4 5 . 1 1 1 . 9 4 1 . 3 5 4 . 3 6 7 . 7 7 8 . 6 8 8 . 3 9 3 . 5 9 7 . 8 9 9 . 0
8 4 . 4 8 . 9 1 7 . 4 2 9 . 2 3 4 . 2 4 8 . 4 5 9 . 2 7 2 . 8 8 7 . 9 9 2 . 3

12 2 . 5 8 . 9 8 . 1 1 7 . 4 1 5 . 5 2 9 . 0 3 6 . 1 5 2 . 0 7 0 . 1 8 2 . 4
QS 0 . 5 1 . 5 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0

oo 3 . 8 6 . 8 1 . 5 4 . 3 0 . 1 0 . 7 0 . 3 0 . 5 1 0 0 . 0 1 0 0 . 0
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B. The llange Test ( r  =  0)

p
0

oo

0 8 0 0 . 9 0 0 . 9 5 1 . 0 0
9 m 57. 10% 5% 10% 5% 10% 5% 10% 5% 10%
0 . 0 2 3 . 5 8 . 2 6 7 . 8 7 9 . 0 9 3 . 1 9 7 . 3 9 8 . 0 9 9 . 4 1 0 0 . 0 1 0 0 . 0

4 3 . 1 8 . 2 3 5 . 8 5 0 . 4 7 0 . 3 8 0 . 2 8 8 . 9 9 3 . 8 9 7 . 7 9 9 . 4
8 2 . 3 8 . 2 1 3 . 2 2 2 . 5 3 3 . 8 4 8 . 1 5 8 . 6 7 1 . 7 8 8 . 7 9 2 . 8

12 2 . 5 7 . 4 5 . 7 1 3 . 0 1 6 . 8 2 8 . 7 3 3 . 7 4 8 . 8 7 1 . 6 8 2 . 1
QS 3 . 8 7 . 9 0 . 4 2 . 1 0 . 1 0 . 4 0 . 0 0 . 3 0 . 0 0 . 1

OO 3 . 3 8 . 4 1 . 1 2 . 3 0 . 2 1 . 0 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 2 1 . 2 5 3 . 7 6 6 . 9 9 0 . 8 9 4 . 9 9 8 . 4 9 9 . 5 9 9 . 8 9 9 . 9

4 0 . 5 1 . 3 3 2 . 6 4 4 . 9 7 0 . 2 8 0 . 9 8 8 . 8 9 4 . 3 9 8 . 5 9 9 . 2
8 1 . 3 5 . 2 1 4 . 0 2 3 . 8 3 3 . 7 4 8 . 0 6 0 . 0 7 2 . 2 8 7 . 4 9 2 . 6

12 2 . 9 6 . 7 8 . 3 1 5 . 7 1 5 . 7 2 9 . 2 3 5 . 9 5 1 . 3 7 0 . 7 8 1 . 8
QS 0 . 6 1 . 3 3 7 . 5 5 0 . 6 6 7 . 1 7 7 . 6 7 9 . 8 8 6 . 8 8 4 . 8 9 2 . 1

OO 1 4 . 5 2 3 . 8 1 . 6 3 . 6 0 . 4 0 . 8 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 8 . 2 1 5 . 5 7 0 . 6 8 1 . 0 9 1 . 3 9 6 . 0 9 8 . 8 9 9 . 4 9 9 . 9 9 9 . 9

4 6 . 0 1 2 . 6 4 1 . 8 5 4 . 9 6 9 . 1 7 9 . 3 9 0 . 8 9 5 . 1 9 8 . 3 9 9 . 3
8 4 . 1 9 . 5 1 5 . 7 2 7 . 2 3 5 . 0 4 6 . 8 6 1 . 2 7 2 . 4 8 8 . 2 9 3 . 1

12 3 . 0 8 . 5 7 . 8 1 5 . 3 1 6 . 0 2 8 . 3 3 4 . 8 5 0 . 3 7 0 . 4 8 1 . 6
QS 0 . 6 1 . 3 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0

oo 4 . 0 7 . 6 1 . 4 2 . 9 0 . 2 0 . 6 0 . 3 0 . 6 1 0 0 . 0 1 0 0 . 0

T he sim ulation is based on 1000 replications of the following D G P,

(1-pB) y t =  ( l-0B )u t , where ut ~  N IID (0, 1), t  =  1, 2, •••, T , T  =  300 

m  is the num ber of au tocorre la tions used in the Newey-YVest es tim ate  of long run  variance. T he 

row for m  =  oo uses the true  <t2; it. is only m eant as  a  com parison. T he row QS uses th e  QS 

es tim ate  o f Andrews (1991); see appendix  B for details.
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Table 3.2.4 Simulated Asymptotic Distribution of the Fluctuation Test

a =  P ( Q < q )

a *  100
r  =  0 t  =  0.15

M ax -n o rm E uclidean  n o rm M ax -n o rm E uc lidean  n o rm
1 9 . 4 2 5 9 . 4 3 1 1 . 4 6 7 1 . 6 1 3
5 1 2 . 7 4 1 1 2 . 7 4 1 1 . 7 6 3 1 . 9 4 6

1 0 1 5 . 3 3 6 1 5 . 3 3 7 1 . 9 6 9 2 . 1 7 3
1 5 1 7 . 5 4 8 1 7 . 5 4 8 2 . 1 1 3 2 . 3 4 3
2 0 1 9 . 3 9 3 1 9 . 3 9 3 2 . 2 4 8 2 . 4 8 6
3 0 2 3 . 2 6 1 2 3 . 2 6 1 2 . 4 7 3 2 . 7 3 7
4 0 2 6 . 9 3 1 2 6 . 9 3 2 2 . 7 0 9 2 . 9 8 1
5 0 3 1 . 2 3 4 3 1 . 2 3 4 2 . 9 4 4 3 . 2 3 3
6 0 3 6 . 4 2 2 3 6 . 4 2 3 3 . 2 2 2 3 . 5 0 9
7 0 4 2 . 3 9 3 4 2 . 3 9 3 3 . 5 5 1 3 . 8 3 9
8 0 5 0 . 9 6 1 5 0 . 9 6 1 3 . 9 6 5 4 . 2 4 0
9 0 6 4 . 0 5 6 6 4 . 0 5 6 4 . 6 1 8 4 . 9 3 0
9 5 7 5 . 7 7 2 7 5 . 7 7 3 5 . 2 0 4 5 . 5 2 7
9 9 9 9 . 6 0 7 9 9 . 6 0 7 6 . 3 8 2 6 . 7 4 1

T h e  s im u la t io n  is based on 10000 rep l ica t ions  of sa m p le s  o f  500 observa tions .  S U P  is 

suPr g [r  i - r ] l |D (r ) ||. w here  D(r) is th e  a s y m p to t ic  d is t r ib u t io n  for k =  1 in T h e o re m  3.2.4(i),  | |D || 

is th e  M a x  n o rm  I lD l l^  for the  co lu m n  M a x -n o rm , and  i t  is th e  E uc lidean  no rm  for th e  co lum n 

E uc lid ean  n o rm .
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Table 3.2.5 The Simulated Distribution of the CUSUM Test

under the Presence of a one-time Shift in the Mean

A. (no t r im m in g )

rf (b reak  frac tion)
a *  100 0 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 7 0 . 8 0 9 mCU

1 0 3 9 8 0 . 3 7 8 0 3 8 2 0 . 3 7 3 0 . 3 7 3 0 . 3 7 3 0 3 8 1 0 . 3 8 8 0 3 9 5 0 . 3 3 3
1 0 0 5 1 9 0 . 4 9 8 0 . 4 8 9 0 . 4 8 4 0 . 4 8 0 0 . 4 8 0 0 4 8 3 0 . 4 9 5 0 5 1 3 0 . 4 0 9
2 0 0 5 8 8 0 . 5 5 9 0 . 5 4 4 0 . 5 3 8 0 . 5 3 6 0 . 5 3 7 0 5 4 3 0 . 5 5 6 0 5 8 2 0 . 4 4 9
3 0 0 6 4 5 0 . 6 1 5 0 . 5 9 3 0 . 5 8 4 0 .5 8 1 0 . 5 8 1 0 5 9 2 0 . 6 0 9 0 6 4 0 0 . 4 8 0
4 0 0 7 0 3 0 . 6 6 5 0 . 6 4 0 0 . 6 2 8 0 . 6 2 4 0 . 6 2 5 0 6 3 8 0 . 6 5 8 0 . 6 9 4 0 . 5 0 7
5 0 0 7 6 1 0 . 7 1 9 0 . 6 9 0 0 . 6 7 2 0 . 6 6 5 0 . 6 6 9 0 6 8 3 0 . 7 0 9 0 7 5 3 0 . 5 3 5
6 0 0 8 2 7 0 . 7 8 0 0 . 7 4 1 0 . 7 1 7 0 . 7 0 9 0 . 7 1 8 0 7 3 6 0 . 7 6 8 0 8 1 3 0 . 5 6 8
7 0 0 9 0 2 0 . 8 4 7 0 . 8 0 3 0 . 7 7 3 0 . 7 6 0 0 . 7 7 4 0 7 9 9 0 . 8 4 0 0 8 9 1 0 . 6 0 3
8 0 0 9 9 4 0 . 9 3 3 0 . 8 8 2 0 . 8 4 2 0 . 8 2 7 0 . 8 4 1 0 8 7 4 0 . 9 2 9 0 . 9 9 1 0 . 6 4 8
9 0 1 . 1 4 6 1 . 0 7 1 1 . 0 0 2 0 . 9 4 7 0 . 9 2 6 0 . 9 4 7 1 0 0 1 1 . 0 6 8 1 . 1 3 9 0 . 7 1 7
9 5 1 .2 7 1 1 . 1 9 7 1 . 1 1 3 1. 0 4 7 1 . 0 0 7 1 . 0 3 4 1 . 1 0 3 1 . 1 8 9 1 . 2 6 6 0 . 7 7 6
9 9 1 5 2 2 1 . 4 4 0 1 . 3 4 4 1. 2 3 5 1 . 1 9 2 1 . 2 2 9 1 3 3 7 1 . 4 3 0 1 . 5 3 1 0 . 9 1 3
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B. (trimming = 0.15)

rj (break fraction)
a*100 0 1 0 2 0 . 3 0 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 9 mCU

1 0 3 8 3 0 3 5 6 0 . 3 5 1 0 3 4 2 0 . 3 5 1 0 . 3 4 9 0 . 3 5 0 0 . 3 5 6 0 . 3 7 6 0 . 3 0 5
10 0 5 0 8 0 4 7 6 0 . 4 6 5 0 4 5 8 0 . 4 5 6 0 . 4 5 5 0 4 5 6 0 . 4 7 5 0 . 4 9 9 0 . 3 8 2
2 0 0 5 8 0 0 5 4 3 0 . 5 2 4 0 5 1 6 0 . 5 1 4 0 . 5 1 4 0 5 1 9 0 . 5 3 7 0 . 5 7 0 0 . 4 2 2
3 0 0 6 3 7 0 6 0 3 0 . 5 7 4 0 5 6 2 0 . 5 6 1 0 . 5 6 1 0 5 7 3 0 . 5 9 4 0 . 6 3 2 0 . 4 5 3
4 0 0 6 9 8 0 6 5 5 0 . 6 2 5 0 6 1 0 0 . 6 0 4 0 . 6 0 7 0 6 2 1 0 . 6 4 8 0 . 6 8 8 0 . 4 8 3
5 0 0 7 5 7 0 7 1 2 0 . 6 7 5 0 6 5 7 0 . 6 4 8 0 . 6 5 2 0 6 6 9 0 . 7 0 0 0 . 7 4 8 0 . 5 1 3
6 0 0 8 2 2 0 7 7 5 0 . 7 3 1 0 7 0 5 0 . 6 9 5 0 . 7 0 3 0 7 2 3 0 . 7 6 2 0 . 8 1 0 0 . 5 4 5
7 0 0 9 0 0 0 . 8 4 5 0 . 7 9 5 0 7 6 1 0 . 7 4 8 0 . 7 6 1 0 7 8 9 0 . 8 3 6 0 . 8 8 8 0 . 5 8 4
8 0 0 . 9 9 3 0 . 9 3 3 0 . 8 8 0 0 . 8 3 4 0 . 8 1 6 0 . 8 3 3 0 8 6 7 0 . 9 2 6 0 . 9 8 9 0 . 6 2 9
9 0 1 . 1 4 4 1 . 0 6 9 1 . 0 0 2 0 . 9 4 2 0 . 9 2 0 0 . 9 4 1 0 9 9 4 1 . 0 6 7 1 . 1 3 9 0 . 7 0 0
9 5 1 . 2 7 1 1 . 1 9 4 1 . 1 1 0 1 . 0 4 4 1 . 0 0 2 1 . 0 3 1 1 . 1 0 1 1 . 1 8 8 1 . 2 6 5 0 . 7 6 3
9 9 1 . 5 2 2 1 . 4 4 1 1 . 3 3 6 1 . 2 3 4 1 . 1 8 3 1 . 2 2 6 1 . 3 3 7 1 . 4 3 1 1 . 5 3 1 0 . 8 9 9

T he sim ulation  is based on 10000 replications of sam ples of 500 observations. T h e  column 

under “no break” is for the case of a constant intercept. I t is taken from T ab le  3.2.1 (the SUP 

k= 0  colum n). 17 is the break fraction. "m CU ” is for the m inim um  of the  CUSUM test across 

the  grid values o f jj.
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Table 3.2.0 The Simulated Distribution of the CUSUM Test

under the Presence of a one-time Shift in Both the Intercept and the Slope

A. (no trim m ing)

)/ (break fraction)
a* 1 0 0 0 .1 0 . 2 0 . 3 0 . 4 0 5 0 . 6 0 7 0 8 0 9 mCU

1 0 . 3 3 3 0 . 3 1 8 0 . 3 0 8 0 . 3 0 3 0 3 0 5 0 . 3 0 4 0 3 0 7 0 3 1 5 0 3 3 3 0 . 2 7 6
1 0 0 . 4 1 9 0 . 3 9 3 0 . 3 7 9 0 . 3 7 1 0 3 6 8 0 . 3 7 0 0 3 7 8 0 3 9 5 0 4 1 8 0 . 3 3 0
2 0 0 . 4 6 3 0 . 4 3 3 0 . 4 1 3 0 . 4 0 3 0 4 0 2 0 . 4 0 4 0 4 1 5 0 4 3 7 0 4 6 2 0 . 3 5 6
3 0 0 . 4 9 8 0 . 4 6 7 0 . 4 4 2 0 . 4 3 0 0 4 2 6 0 . 4 3 1 0 4 4 7 0 4 6 9 0 4 9 8 0 . 3 7 5
4 0 0 . 5 3 1 0 . 4 9 9 0 . 4 7 0 0 . 4 5 4 0 4 5 0 0 . 4 5 5 0 4 7 4 0 5 0 0 0 5 3 0 0 . 3 9 2
5 0 0 . 5 6 4 0 . 5 3 1 0 . 4 9 9 0 . 4 7 9 0 4 7 3 0 . 4 7 9 0 4 9 9 0 5 3 1 0 5 6 3 0 . 4 0 8
6 0 0 . 6 0 1 0 . 5 6 6 0 . 5 3 0 0 . 5 0 6 0 4 9 8 0 . 5 0 6 0 5 3 0 0 5 6 4 0 . 6 0 1 0 . 4 2 6
7 0 0 . 6 4 1 0 . 6 0 0 0 . 5 6 5 0 . 5 3 6 0 5 2 7 0 5 3 6 0 5 6 5 0 . 6 0 3 0 . 6 4 2 0 . 4 4 7
8 0 0 . 6 9 4 0 . 6 4 9 0 . 6 0 9 0 . 5 7 5 0 5 6 2 0 . 5 7 4 0 6 0 9 0 6 5 1 0 . 6 9 1 0 . 4 7 3
9 0 0 . 7 6 7 0 . 7 2 1 0 . 6 7 6 0 6 3 2 0 6 1 3 0 6 3 3 0 6 7 4 0 7 2 4 0 . 7 6 4 0 . 5 1 0
9 5 0 . 8 3 6 0 . 7 8 6 0 . 7 3 7 0 . 6 8 2 0 6 5 9 0 6 8 4 0 . 7 3 3 0 . 7 8 6 0 . 8 3 0 0 . 5 3 9
9 9 0 . 9 7 2 0 . 9 1 8 0 . 8 5 9 0 7 7 7 0 7 4 5 0 7 8 5 0 8 4 2 0 9 0 7 0 . 9 5 6 0 . 6 0 6
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B. (trimming = 0.15)

a*100
>? (break fraction)

0 - 1  0 . 2  0 . 3  0 . 4  0 . 5  0 . 6  0 . 7  0 . 8  0 . 9
1

10
20
3 0
4 0
5 0
6 0
7 0
8 0
9 0
9 5
9 9

0 .
0 .
0 .
0 .
0 .
0 .
0 .
0 .
0 .
0 .
0 ,
0 ,

3 2 0  0 . 3 0 5  
4 0 7  0 . 3 8 0  
4 5 1  0 . 4 2 2  
4 8 8  0 . 4 5 5  
5 1 9  0 . 4 8 6  
5 5 3  0 . 5 2 1  
5 9 0  0 . 5 5 4  
6 3 2  0 . 5 9 2  
6 8 6  0 . 6 4 0  
7 6 2  0 . 7 1 2  
8 3 1  0 . 7 7 6  
9 6 6  0 . 9 0 7

mCU
0 . 2 9 3  
0 . 3 6 1  
0 . 3 9 7  
0 . 4 2 7  
0 . 4 5 5  
0 . 4 8 3  
0 . 5 1 5  
0 . 5 5 2  
0 . 5 9 5  
0 . 6 6 4  
0 . 7 2 4  
0 . 8 4 8

0 . 2 8 4  0 .  
0 . 3 5 0  0 .  
0 . 3 8 4  0 .  
0 . 4 1 0  0 .  
0 . 4 3 4  0 .  
0 . 4 6 0  0 .  
0 . 4 8 6  0 .  
0 . 5 1 7  0 .  
0 . 5 5 6  0 .  
0 . 6 1 7  0 .  
0 . 6 6 5  0 .  
0 . 7 6 3  0 .

2 8 7  0 . 2 8 7  
3 4 7  0 . 3 5 1  
3 8 0  0 . 3 8 3  
4 0 5  0 . 4 1 0  
4 2 9  0 . 4 3 6  
4 5 2  0 . 4 6 0  
4 7 7  0 . 4 8 6  
5 0 5  0 . 5 1 7  
5 3 9  0 . 5 5 5  
5 9 2  0 . 6 1 4  
6 3 7  0 . 6 6 8  
7 3 2  0 . 7 7 5

0 . 2 9 1
0 . 3 6 1
0 . 3 9 8
0 . 4 2 7
0 . 4 5 7
0 . 4 8 4
0 . 5 1 5
0 . 5 5 1
0 . 5 9 7
0 . 6 6 0
0 . 7 2 1
0 . 8 3 8

0 . 3 0 2
0 . 3 8 3
0 . 4 2 2
0 . 4 5 5
0 . 4 8 7
0 . 5 1 8
0 . 5 5 2
0 . 5 9 2
0 . 6 4 0
0 . 7 1 4
0 . 7 7 6
0 . 9 0 3

0 . 3 1 7
0 . 4 0 5
0 . 4 5 0
0 . 4 8 6
0 . 5 1 9
0 . 5 5 2
0 . 5 9 1
0 . 6 3 4
0 . 6 8 3
0 . 7 6 0
0 . 8 2 4
0 . 9 4 9

0 . 2 6 2
0 . 3 1 0
0 . 3 3 7
0 . 3 5 6
0 . 3 7 4
0 . 3 9 1
0 . 4 0 9
0 . 4 2 9
0 . 4 5 6
0 . 4 9 3
0 . 5 2 6
0 . 5 9 2

For explanation , see the note for I'able 3.2.5.
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Table 3.3.1 The Estimates of the Long Run Variance

A. m =  2

p

OII 0 = 0 . 5 0 = - O . 5
<r2 N W A d a p IT2 N W A dap <r2 N W A d ap

1 . 0 0 1 1 4 6 . 2 2 1 . 9 8 0 . 2 5 3 7 . 3 9 1 0 . 6 9 2 . 2 5 3 2 5 . 4 2 2 . 1 5
0 . 9 5 4 0 0 2 5 . 8 1 1 0 . 1 3 1 0 0 6 . 8 7 6 . 8 4 9 0 0 5 6 . 5 8 4 . 2 8
0 . 9 0 1 0 0 1 3 . 4 3 1 2 . 9 4 2 5 3 . 8 6 3 . 8 4 2 2 5 2 9 . 8 2 1 3 . 9 3
0 . 8 0 2 5 6 . 6 0 6 . 5 8 6 . 2 5 2 . 1 2 2 . 1 1 5 6 . 2 5 1 4 . 5 7 1 4 . 4 5
0 . 0 0 1 0 . 9 9 0 . 9 9 0 . 2 5 0 . 5 9 0 . 5 9 2 . 2 5 1 . 8 8 1 . 8 8

B. m =  4

p 0=0 0 = 0 . 5 0 = - O . 5
«72 N W A dap IT2 N W A dap IT2 N W A d a p

1 . 0 0 1 2 4 0 . 7 8 2 . 6 2 0 . 2 5 6 1 . 2 6 1 7 . 1 3 2 . 2 5 5 3 6 . 1 7 2 . 4 5
0 . 9 5 4 0 0 4 1 . 2 1 1 5 . 7 6 1 00 1 0 . 6 5 1 0 . 6 1 9 0 0 9 0 . 6 3 5 . 8 8
0 . 9 0 1 0 0 2 0 . 7 2 1 9 . 9 3 2 5 5 . 6 4 5 . 6 2 2 2 5 4 6 . 2 9 2 1 . 0 6
0 . 8 0 2 5 9 . 4 9 9 . 4 7 6 . 2 5 2 . 7 8 2 . 7 7 5 6 . 2 5 2 1 . 2 8 2 1 . 1 1
0 . 0 0 1 0 . 9 8 0 . 9 8 0 . 2 5 0 . 4 5 0 . 4 5 2 . 2 5 2 . 0 0 1 . 9 9

C. in =  8

p 0=0 0 = 0 . 5 0 = - O . 5
IT2 N W A d ap er2 N W A d ap <r2 N W A d ap

1 . 0 0 1 4 2 3 . 4 9 3 . 7 5 0 . 2 5 1 0 7 . 3 8 2 9 . 3 7 2 . 2 5 9 4 3 . 3 2 2 . 8 3
0 . 9 5 4 0 0 6 8 . 4 7 2 5 . 3 2 1 0 0 1 7 . 3 2 1 7 . 2 5 9 0 0 1 5 0 . 7 8 8 . 3 6
0 . 9 0 1 0 0 3 2 . 3 7 3 1 . 0 8 2 5 8 . 5 0 8 . 4 7 2 2 5 7 2 . 5 2 3 1 . 9 0
0 . 8 0 2 5 1 3 . 2 6 1 3 . 2 2 6 . 2 5 3 . 6 4 3 . 6 3 5 6 . 2 5 3 0 . 1 0 2 9 . 8 4
0 . 0 0 1 0 . 9 7 0 . 9 6 0 . 2 5 0 . 3 6 0 . 3 6 2 . 2 5 2 . 0 6 2 . 0 5
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D. m = 12

p 0=0 0 = 0 . 5 0 = - O . 5
a 1 N W A d ap <r2 NW A dap cr2 N W A dap

1 . 0 0 1 5 9 7 . 8 3 4 . 7 1 0 . 2 5 1 5 1 . 3 9 4 0 . 7 4 2 . 2 5 1 3 3 1 . 7 1 3 . 1 1
0 . 9 5 4 0 0 9 1 . 6 0 3 3 . 0 2 1 0 0 2 2 . 9 4 2 2 . 8 5 9 0 0 2 0 1 . 6 9 1 0 . 1 9
0 . 9 0 1 0 0 4 1 . 0 1 3 9 . 3 2 2 5 1 0 . 6 0 1 0 . 5 6 2 2 5 9 1 . 8 3 3 9 . 4 4
0 . 8 0 2 5 1 5 . 3 9 1 5 . 3 5 6 . 2 5 4 . 1 4 4 . 1 2 5 6 . 2 5 3 5 . 2 4 3 4 . 9 3
0 . 0 0 1 0 . 9 6 0 . 9 5 0 . 2 5 0 . 3 2 0 . 3 2 2 . 2 5 2 . 0 6 2 . 0 6

E. m =  16

p 0=0 0 = 0 . 5 0 = - O . 5
a 2 N W A d ap <r2 N W A dap <72 N W A dap

1 . 0 0 1 7 6 4 . 0 1 5 . 5 2 0 . 2 5 1 9 3 . 3 5 5 1 . 2 8 2 . 2 5 1 7 0 1 . 8 3 3 . 3 4
0 . 9 5 4 0 0 1 1 1 . 2 0 3 9 . 2 1 1 0 0 2 7 . 6 7 2 7 . 5 6 9 0 0 2 4 4 . 7 4 1 1 . 5 4
0 . 9 0 1 0 0 4 7 . 4 3 4 5 . 4 1 2 5 1 2 . 1 6 1 2 . 1 1 2 2 5 1 0 6 . 0 4 4 4 . 6 8
0 . 8 0 2 5 1 6 . 6 3 1 6 . 5 8 6 . 2 5 4 . 4 2 4 . 4 1 5 6 . 2 5 3 8 . 3 5 3 8 . 0 0
0 . 0 0 1 0 . 9 4 0 . 9 4 0 . 2 5 0 . 3 0 0 . 3 0 2 . 2 5 2 . 0 6 2 . 0 5

Note: T h e  sim ulation  is based on 1000 replications of the following d a ta  generating  process,

(1-pB) y t =  ( l-0 B )u „  ut ~  NIID(0, 1), T  =  300.

<r2 is the  true long run variance; NW is the Newey-W est estim ato r ( a j  =  0); Adap is the

adap tive  Newey-W est es tim ato r in section 3.3; m is the trunca tion  lag, [T1^4] =  4. The

num bers presented in the tables are sam ple averages across 1000 replications.
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F. O p t im a l  Q u ad ra t ic  Spec tra l  E s t im a to r  

W i th  A ndrew s A u to m a t ic  B a n d w id th  E s t im a to r

p 0=0 6 = 0 . 5 0=-O . 5
a 2 N W A d ap <r2 N W A d a p <T2 N W A d ap

1 . 0 0 1 + 5 . 5 5 0 . 2 5 4 8 5 . 4 2 2 9 . 5 7 2 . 2 5 + 5 . 1 8
0 . 9 5 4 0 0 3 6 7 . 0 2 5 7 . 5 4 1 0 0 1 4 . 3 4 1 4 . 3 4 9 0 0 2 5 5 0 . 4 6 2 0 . 4 1
0 . 9 0 1 0 0 9 4 . 3 2 8 5 . 2 0 2 5 6 . 0 9 6 . 0 9 2 2 5 5 7 6 . 1 4 1 3 1 . 8 9
0 . 8 0 2 5 2 4 . 1 0 2 4 . 1 1 6 . 2 5 2 . 6 0 2 . 6 0 5 6 . 2 5 1 2 5 . 1 7 1 2 3 . 4 4
0 . 0 0 1 1 . 0 0 1 . 0 0 0 . 2 5 0 . 4 7 0 . 4 7 2 . 2 5 2 . 9 9 2 . 9 9

N ote: ( + )  >  366720.70. Q S  is the  O p t im a l  Q u a d ra t i c  S p ec tra l  e s t im a to r  w i th  A u to m a t ic  

b a n d w id th  e s t im a to r  a n d  p rew hiten ing /reco lo r ing ;  A d a p  is th e  a d a p t iv e  Q S  e s t im a to r .  T h e  

n u m b e r s  p re sen ted  in th e  tab le s  a re  s am p le  averages across  1000 replica tions.

78

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



www.manaraa.com

T a b le  3.3.2 S im u la te d  Values of a n d  p

p 0-- 0 0=0 . 5 8 = - 0 5

h P i?i p P

1 . 0 0 0 . 9 2 0 . 9 8 0 . 3 6  0 . 9 2 0 . 9 8 0 . 9 9
0 . 9 5 0 . 3 7 0 . 9 4 0 . 0 0  0 . 7 5 0 . 8 1 0 . 9 6
0 . 9 0 0 . 0 1 0 . 8 9 0 . 0 0  0 . 6 0 0 . 3 2 0 . 9 4
0 . 8 0 0 . 0 0 0 . 7 9 0 . 0 0  0 . 3 8 0 . 0 0 0 . 8 8
0 . 0 0 0 . 0 0 - 0 . 0 0 0 . 0 0  - 0 . 4 0 0 . 0 0 0 . 3 9

Note: 6-y is th e  w eight for th e  f irs t difference in e s t im a t in g  u t , cf. e q u a t io n  (3 .3 .1 ) ,  while  p  is th e  

f irst o rd e r  au toregress ive  coefficient o f  y t . T h e  n u m b e rs  p resen ted  in  t h e  ta b le s  a re  sa m p le  

averages  across  1000 replications. F or  the  design o f  th e  s im u la t io n ,  see n o te  for T a b le  3.3.1.
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Table 3.-1.1 Monte Carlo Simulation on the \ 2(1) test

p

e
0 .

oo

0 . 8 0 0 . 9 0 0 . 9 5 1 . 0 0
m 57. 107. 57. 107. 57. 107. 57. 107. 57. 107.

0 . 0 2 4 . 6 1 0 . 8 3 0 . 8 3 9 . 2 4 6 . 0 5 3 . 4 5 8 . 3 6 4 . 9 8 1 . 2 8 4 . 1
4 4 . 5 1 1 . 8 2 1 . 1 3 0 . 7 3 7 . 1 4 4 . 7 5 0 . 0 5 7 . 5 7 6 . 7 8 0 . 3
8 5 . 9 1 2 . 9 1 4 . 7 2 2 . 5 2 8 . 4 3 5 . 8 4 0 . 8 4 7 . 7 6 8 . 8 7 4 . 3

1 2 7 . 4 1 4 . 2 1 2 . 7 2 0 . 0 2 4 . 5 3 1 . 4 3 6 . 3 4 2 . 8 6 5 . 3 6 9 . 4
QS 4 . 6 1 0 . 6 6 . 3 1 1 . 2 1 1 . 6 1 6 . 6 1 5 . 5 2 1 . 5 3 4 . 2 4 1 . 9

OO 4 . 0 9 . 1 4 . 0 8 . 5 3 . 4 7 . 6 1 . 7 5 . 2 9 6 . 1 9 6 . 7
0 . 5 2 0 . 3 1 . 9 2 6 . 5 3 6 . 1 4 5 . 5 5 4 . 1 5 9 . 9 6 5 . 2 8 1 . 4 8 4 . 1

4 1 . 4 3 . 5 2 1 . 0 2 9 . 1 3 7 . 8 4 5 . 3 5 2 . 5 5 9 . 1 7 6 . 7 8 0 . 7
8 2 . 4 5 . 2 1 6 . 6 2 3 . 0 2 7 . 6 3 6 . 6 4 3 . 9 4 9 . 7 6 9 . 3 7 4 . 2

1 2 3 . 7 7 . 8 1 4 . 2 2 1 . 7 2 3 . 5 3 2 . 2 3 8 . 1 4 6 . 2 6 4 . 0 6 9 . 9
QS 1 . 1 3 . 2 2 2 . 3 3 0 . 7 3 7 . 4 4 4 . 7 4 9 . 0 5 5 . 4 7 0 . 0 7 5 . 0

OO 5 . 6 9 . 8 4 . 4 9 . 9 2 . 5 6 . 3 2 . 1 5 . 5 9 6 . 8 9 7 . 6
- 0 . 5 2 7 . 3 1 3 . 7 3 2 . 5 4 0 . 9 4 7 . 1 5 2 . 7 6 3 . 1 6 8 . 8 7 8 . 5 8 2 . 4

4 6 . 8 1 2 . 8 2 3 . 3 3 2 . 1 3 7 . 1 4 5 . 1 5 4 . 0 6 0 . 5 7 3 . 7 7 7 . 4
8 6 . 3 1 3 . 2 1 6 . 5 2 5 . 1 2 6 . 8 3 5 . 6 4 4 . 0 5 1 . 5 6 8 . 4 7 2 . 0

1 2 7 . 3 1 4 . 5 1 4 . 8 2 1 . 4 2 2 . 9 3 0 . 7 3 7 . 3 4 5 . 5 6 4 . 0 6 8 . 8
Q S 2 . 0 5 . 5 1 . 2 3 . 3 1 . 2 3 . 0 4 . 6 7 . 2 1 5 . 8 2 0 . 5

oo 4 . 3 9 . 4 4 . 2 8 . 7 2 . 8 6 . 5 2 . 6 5 . 3 9 6 . 5 9 6 . 8

T he sim ulation  is based on 1000 replications of the following DG P,

(1-pB ) y t =  ( l-0 B )u t, where ut ~  NIID(0, 1), t =  1, 2, •••, T , T  =  300.

“m ” is the  num ber o f au tocorrelations used in the Newey-W est es tim ate  of long run variance. 

T he colum n for m  =  oo uses the true a 2; it is only m ean t as a  com parison.

R ep ro d u ced  with p erm iss io n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



www.manaraa.com

Table 3.4.2 Monte Carlo Simulation on the ,\2(1) test

Using the Adaptive Estimator

P

e
0 . 0 0 0 .

o00 0 . 9 0 0 . 9 5 1 . 0 0
m 57. 10% 5% 107. 57. 10% 5% 10% 57. 10%

0 .0 2 4 . 6 1 0 . 9 3 0 . 9 3 9 . 3 4 6 . 2 5 3 . 6 6 5 . 6 7 1 . 9 9 1 . 6 9 3 . 0
4 4 . 6 1 2 . 0 2 1 . 3 3 0 . 7 3 7 . 6 4 4 . 9 5 7 . 9 6 4 . 5 * 9 0 . 4 9 1 . 4
8 5 . 9 1 3 . 0 1 4 . 7 2 2 . 5 2 9 . 1 3 6 . 3 5 1 . 2 5 6 . 2 8 8 . 5 9 0 . 1

12 7 . 5 1 4 . 2 1 2 . 8 2 0 . 1 2 4 . 9 3 1 . 6 4 7 . 0 5 3 . 1 8 7 . 0 8 9 . 1
QS 4 . 6 1 0 . 5 6 . 2 1 1 . 4 1 1 . 8 1 6 . 9 3 6 . 2 4 1 . 9 8 5 . 1 8 7 . 5

OO 4 . 0 9 . 1 4 . 0 8 . 5 3 . 4 7 . 6 1 . 7 5 . 2 9 6 . 1 9 6 . 7
0 . 5 2 0 . 3 1 . 9 2 6 . 5 3 6 . 1 4 5 . 5 5 4 . 2 5 9 . 9 6 5 . 2 8 1 . 7 8 4 . 3

4 1 . 4 3 . 5 2 1 . 0 2 9 . 2 3 7 . 9 4 5 . 3 5 2 . 5 5 9 . 2 7 7 . 0 8 1 . 2
8 2 . 5 5 . 2 1 6 . 8 2 3 . 0 2 7 . 7 3 6 . 7 4 3 . 9 5 0 . 0 6 9 . 4 7 4 . 7

12 3 . 7 7 . 5 1 4 . 2 2 1 . 7 2 3 . 6 3 2 . 2 3 8 . 5 4 6 . 2 6 4 . 5 7 0 . 0
QS 1 . 1 3 . 2 2 2 . 3 3 0 . 8 3 7 . 1 4 4 . 8 4 9 . 1 5 5 . 2 7 0 . 6 7 5 . 7

OO 5 . 6 9 . 8 4 . 4 9 . 9 2 . 5 6 . 3 2 . 1 5 . 5 9 6 . 8 9 7 . 6
- 0 . 5 2 7 . 4 1 3 . 8 3 2 . 5 4 1 . 0 5 6 . 2 6 2 . 5 8 4 . 0 8 6 . 0 9 6 . 1 9 6 . 5

4 6 . 9 1 2 . 8 2 3 . 4 3 2 . 1 4 9 . 2 5 5 . 5 8 1 . 2 8 4 . 1 9 5 . 7 9 6 . 2
8 6 . 4 1 3 . 5 1 6 . 7 2 5 . 0 4 0 . 4 4 8 . 2 7 7 . 1 8 1 . 1 9 4 . 8 9 6 . 0

1 2 7 . 3 1 4 . 5 1 5 . 0 2 1 . 5 3 6 . 1 4 4 . 1 7 4 . 7 7 8 . 4 9 4 . 5 9 5 . 7
QS 1 . 9 5 . 5 1 . 4 3 . 2 1 4 . 1 1 8 . 8 6 6 . 5 7 1 . 6 9 3 . 2 9 4 . 7

OO 4 . 3 9 . 4 4 . 2 8 . 7 2 . 8 6 . 5 2 . 6 5 . 3 9 6 . 5 9 6 . 8

T h e  sim ulation  is based on 1000 replications of the following D G P,

(1-pB) y t =  ( l-0 B )u t, where ut ~  NIID(0, 1), t  =  1, 2, •••, T , T  =  300 

m  is the  num ber o f au tocorre la tions used in the A daptive Newey-W est estim ate of long run 

variance. T h e  column for m =  oo uses the true <r2; it is only m ean t as a  com parison.
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Table 3.4.3. Monte Carlo Simulation on the CUSUM Test

Using the Adaptive Estimator

A. T he SUP T est ( r  =  0)

P

e
0 . 0 0 0 . 8 0 0 . 9 0 0 . 9 5 1 . 0 0

m 57. 107. 57. 107. 57. 107. 57. 107. 57. 107.
0 . 0 2 5 . 7 9 . 8 5 1 . 6 6 3 . 8 8 0 . 0 8 6 . 4 9 6 . 2 9 8 . 0 9 9 . 9 1 0 0 . 0

4 5 . 3 1 0 . 1 3 0 . 5 4 2 . 7 5 6 . 3 6 8 . 9 8 8 . 5 9 2 . 4 9 9 . 8 9 9 . 8
8 4 . 2 9 . 4 1 4 . 8 2 2 . 7 3 2 . 1 4 2 . 3 7 6 . 1 8 1 . 6 9 9 . 2 9 9 . 5

12 3 . 6 9 . 5 8 . 9 1 5 . 6 2 1 . 4 3 0 . 5 6 7 . 5 7 5 . 0 9 9 . 0 9 9 . 2
Q S 5 . 3 9 . 2 1 . 5 4 . 5 2 . 6 4 . 0 5 3 . 5 5 7 . 5 9 8 . 2 9 8 . 4

OO 5 . 5 9 . 5 2 . 0 4 . 4 1 . 6 3 . 5 1 . 0 2 . 2 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 1 0 . 3 3 9 . 2 5 1 . 9 7 4 . 9 8 3 . 0 9 2 . 2 9 6 . 4 9 9 . 7 9 9 . 9

4 0 . 2 0 . 9 2 5 . 4 3 6 . 1 5 3 . 6 6 5 . 5 7 8 . 5 8 6 . 0 9 8 . 3 9 9 . 2
8 0 . 8 2 . 5 1 2 . 0 2 2 . 1 2 8 . 3 4 2 . 5 5 4 . 1 6 4 . 5 9 3 . 3 9 5 . 7

1 2 0 . 9 4 . 6 7 . 1 1 3 . 8 1 6 . 2 2 6 . 6 3 8 . 7 4 9 . 8 8 5 . 5 9 0 . 5
QS 0 . 2 0 . 9 2 8 . 8 4 0 . 1 5 0 . 2 6 1 . 6 6 7 . 2 7 7 . 9 9 1 . 6 9 4 . 9

OO 8 . 2 1 4 . 5 2 . 4 4 . 7 1 . 5 2 . 9 0 . 3 0 . 9 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 7 . 2 1 3 . 2 5 4 . 9 6 6 . 0 9 0 . 2 9 3 . 1 9 9 . 5 9 9 . 6 1 0 0 . 0 1 0 0 . 0

4 5 . 3 1 0 . 6 3 0 . 9 4 2 . 6 7 8 . 2 8 4 . 6 9 8 . 5 9 8 . 9 9 9 . 9 9 9 . 9
8 3 . 9 9 . 2 1 5 . 4 2 3 . 9 6 4 . 0 7 1 . 1 9 6 . 2 9 7 . 4 9 9 . 9 9 9 . 9

1 2 3 . 8 8 . 1 1 0 . 1 1 7 . 2 5 6 . 5 6 3 . 6 9 5 . 3 9 6 . 1 9 9 . 9 9 9 . 9
QS 0 . 8 2 . 1 0 . 0 0 . 0 3 4 . 4 3 8 . 1 9 0 . 7 9 2 . 1 9 9 . 9 9 9 . 9

oo 4 . 0 8 . 6 2 . 6 5 . 0 1 . 9 4 . 4 0 . 3 1 . 8 1 0 0 . 0 1 0 0 . 0

*
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B. The RANGE Test ( r  =  0)

P

9
0 0 0 0 8 0 0 . 9 0 0 . 9 5 1 . 0 0

m 57. 107. 57. 107. 57. 107. 57. 107. 57. 107.
0 . 0 ‘2 3 . 5 9 . 0 6 6 . 2 7 8 . 2 9 2 . 0 9 6 . 9 9 9 . 0 9 9 . 4 1 0 0 . 0 1 0 0 . 0

4 3 . 4 8 . 9 3 4 . 7 4 8 . 0 7 0 . 6 8 0 . 2 9 3 . 1 9 6 . 4 1 0 0 . 0 1 0 0 . 0
8 2 . 9 7 . 9 1 1 . 5 2 1 . 8 3 5 . 7 4 9 . 3 8 0 . 0 8 6 . 5 9 9 . 3 9 9 . 6

12 1 . 7 6 . 3 4 . 4 1 0 . 8 1 6 . 1 2 9 . 9 6 7 . 6 7 6 . 7 9 9 . 1 9 9 . 3
QS 4 . 1 8 . 6 0 . 3 1 . 0 1 . 7 2 . 2 5 3 . 6 5 5 . 6 9 7 . 8 9 8 . 2

oo 3 . 5 9 . 4 1 . 2 2 . 4 0 . 5 1 . 8 0 . 2 0 . 5 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 0 0 . 3 5 3 . 3 6 5 . 7 8 9 . 4 9 4 . 3 9 8 . 8 9 9 . 9 1 0 0 . 0 1 0 0 . 0

4 0 . 3 0 . 7 3 0 . 1 4 5 . 3 6 7 . 3 7 9 . 5 8 7 . 8 9 3 . 8 9 9 . 2 9 9 . 5
8 0 . 7 2 . 9 1 1 . 7 2 1 . 3 3 0 . 2 4 6 . 5 6 1 . 6 7 5 . 1 9 4 . 6 9 6 . 9

12 1 . 1 4 . 5 5 . 8 1 3 . 1 1 1 . 8 2 5 . 2 3 4 . 0 5 2 . 0 8 6 . 5 9 2 . 0
Q S 0 . 3 0 . 7 3 6 . 8 4 8 . 8 6 1 . 1 7 6 . 8 7 7 . 2 8 5 . 9 9 3 . 9 9 6 . 7

OO 1 3 . 7 2 3 . 2 2 . 0 3 . 6 0 . 6 1 . 7 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 7 . 0 1 3 . 9 7 2 . 4 8 2 . 5 9 5 . 5 9 7 . 5 9 9 . 7 9 9 . 7 1 0 0 . 0 1 0 0 . 0

4 4 . 4 1 0 . 8 4 2 . 1 5 4 . 6 8 4 . 9 9 0 . 3 9 9 . 3 9 9 . 5 1 0 0 . 0 1 0 0 . 0
8 2 . 8 7 . 7 1 3 . 8 2 7 .  1 6 8 . 6 7 6 . 5 9 8 . 1 9 8 . 7 1 0 0 . 0 1 0 0 . 0

1 2 2 . 1 5 . 8 5 . 6 1 3 . 4 6 0 . 2 6 6 . 7 9 7 . 3 9 7 . 9 9 9 . 9 1 0 0 . 0
Q S 0 . 4 1 . 3 0 . 0 0 . 0 3 4 . 0 3 7 . 1 9 1 . 6 9 2 . 3 9 9 . 9 9 9 . 9

OO 3 . 5 7 . 3 1 . 0 3 . 5 0 . 3 1 . 0 0 . 0 0 . 4 1 0 0 . 0 1 0 0 . 0

T he sim ulation  is based on 1000 replications of the following D G P,

(1-pB) y t =  (l-0 B )u r  where u t ~  NI1D(0, 1), t =  1, 2, •••, T , T  =  300 

m  is the num ber of au tocorrelations used in t he Newey-W est es tim ate  of long run variance. T he 

colum n for m  =  oo uses the  true  <r2; i t  is only m ean t as a  com parison.
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Table 3.4.4 Monte Carlo Simulation on the CUSUM Test

with a  Linear Trend Using the Adaptive Estimator

A. The SUP T est ( r  =  0)

p
0 . 0 0 0 . 8 0 0 . 9 0 0 . 9 5 1 . 0 0

e m 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
0 . 0 2 3 . 1 7 . 9 6 6 . 2 7 6 . 4 9 1 . 6 9 6 . 4 9 8 . 2 9 9 . 1 1 0 0 . 0 1 0 0 . 0

4 3 . 3 7 . 7 3 5 . 5 4 9 . 5 6 7 . 9 8 0 . 6 9 1 . 4 9 4 . 2 9 9 . 0 9 9 . 4
8 2 . 9 7 . 2 1 4 . 1 2 4 . 3 3 7 . 2 4 9 . 4 7 4 . 4 8 1 . 4 9 6 . 9 9 8 . 3

1 2 2 . 4 6 . 9 6 . 3 1 5 . 7 2 0 . 8 3 2 . 5 5 9 . 5 7 0 . 3 9 5 . 4 9 6 . 2
QS 3 . 6 7 . 9 0 . 6 2 . 0 0 . 8 1 . 1 4 1 . 8 4 4 . 4 9 0 . 2 9 1 . 6

00 3 . 9 7 . 9 1 . 4 3 . 2 0 . 3 1 . 0 0 . 0 0 . 1 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 2 0 . 2 5 1 . 9 6 4 . 3 8 8 . 9 9 4 . 7 9 7 . 9 9 9 . 3 9 9 . 8 9 9 . 9

4 0 . 4 1 . 5 3 2 . 0 4 4 . 2 6 8 . 2 7 9 . 6 8 6 . 9 9 4 . 2 9 7 . 1 9 9 . 1
8 1 . 3 3 . 9 1 3 . 9 2 5 . 3 3 5 . 0 5 0 . 3 6 1 . 1 7 1 . 9 8 7 . 1 9 2 . 1

12 2 . 6 7 . 4 7 . 7 1 6 . 7 1 6 . 2 3 1 . 3 3 5 . 5 5 2 . 9 7 2 . 4 8 1 . 8
QS 0 . 5 1 . 4 3 6 . 9 4 9 . 4 6 5 . 7 7 6 . 7 7 8 . 0 8 6 . 6 8 8 . 1 9 3 . 4

00 1 2 . 3 2 2 . 7 1 . 1 4 . 3 0 . 4 1 . 1 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 7 . 9 1 5 . 1 6 9 . 9 7 8 . 7 9 3 . 7 9 6 . 6 9 9 . 5 9 9 . 8 9 9 . 9 1 0 0 . 0

4 5 . 3 1 1 . 9 4 1 . 6 5 4 . 8 8 1 . 8 8 7 . 8 9 8 . 8 9 9 . 2 9 9 . 7 9 9 . 2
8 4 . 4 9 . 2 1 7 . 7 2 9 . 6 6 4 . 1 7 2 . 1 9 6 . 3 9 7 . 9 9 7 . 6 9 9 . 7

1 2 2 . 6 9 . 0 8 . 4 1 7 . 6 5 4 . 2 6 2 . 3 9 4 . 7 9 6 . 3 9 9 . 3 9 9 . 5
QS 0 . 5 1 . 6 0 . 0 0 . 0 2 7 . 5 3 0 . 1 8 5 . 0 8 5 . 8 9 9 . 0 9 9 . 0

00 3 . 8 6 . 8 1 . 5 4 . 3 0 . 1 0 . 7 0 . 3 0 . 5 1 0 0 . 0 1 0 0 . 0
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B. The Range Test ( r  = 0)

P

e
0 . 0 0 0 8 0 0 . 9 0 0 . 9 5 1 . 0 0

m 57. 107. 57. 107. 57. 107. 57. 107. 57. 107.
0 . 0 2 3 . 5 8 . 1 6 7 . 9 7 9 . 2 9 3 . 1 9 7 . 5 9 8 . 5 9 9 . 4 1 0 0 . 0 1 0 0 . 0

4 3 . 1 8 . 3 3 6 . 2 5 0 . 7 7 0 . 7 8 0 . 9 9 1 . 1 9 5 . 6 9 9 . 2 9 9 . 7
8 2 . 4 8 . 4 1 3 . 4 2 2 . 7 3 5 . 7 4 9 . 3 7 4 . 3 8 1 . 6 9 7 . 1 9 8 . 2

1 2 2 . 5 7 . 6 5 . 9 1 3 . 2 1 8 . 1 3 0 . 1 6 0 . 5 6 8 . 1 9 4 . 9 9 6 . 3
Q S 3 . 6 7 . 9 0 . 4 2 . 0 0 . 8 1 . 4 4 1 . 5 4 4 . 3 9 0 . 3 9 1 . 0

OO 3 . 3 8 . 4 1 . 1 2 . 3 0 . 2 1 . 0 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
0 . 5 2 0 . 2 0 . 2 5 4 . 0 6 6 . 9 9 0 . 8 9 5 . 0 9 8 . 5 9 9 . 5 9 9 . 9 9 9 . 9

4 0 . 5 1 . 3 3 2 . 9 4 5 . 0 7 0 . 5 8 0 . 9 8 9 . 1 9 4 . 4 9 8 . 5 9 9 . 2
8 1 . 5 5 . 0 1 4 . 5 2 3 . 9 3 4 . 0 4 8 . 5 6 0 . 3 7 2 . 2 8 8 . 0 9 2 . 7

1 2 2 . 9 6 . 8 8 . 4 1 5 . 9 1 6 . 0 2 9 . 7 3 6 . 2 5 1 . 6 7 1 . 7 8 2 . 6
Q S 0 . 6 1 . 2 3 7 . 7 5 0 . 8 6 6 . 8 7 7 . 6 7 9 . 4 8 7 . 1 8 9 . 2 9 4 . 3

oo 1 4 . 5 2 3 . 8 1 . 6 3 . 6 0 . 4 0 . 8 0 . 0 0 . 2 1 0 0 . 0 1 0 0 . 0
- 0 . 5 2 8 . 2 1 5 . 8 7 1 . 1 8 1 . 4 9 4 . 3 9 7 . 4 9 9 . 8 9 9 . 9 1 0 0 . 0 1 0 0 . 0

4 6 . 2 1 2 . 7 4 2 .  1 5 5 . 1 8 2 . 6 8 8 . 9 9 8 . 9 9 9 . 2 9 9 . 7 9 9 . 7
8 4 . 2 9 . 6 1 6 .  1 2 7 . 6 6 4 . 0 7 1 . 7 9 6 . 7 9 7 . 8 9 9 . 6 9 9 . 7

1 2 3 . 0 9 . 0 7 . 9 1 5 . 9 5 5 . 1 6 2 . 5 9 4 . 9 9 6 . 1 9 9 . 5 9 9 . 6
QS 0 . 6 1 . 3 0 . 0 0 . 0 2 7 . 3 3 0 . 0 8 4 . 8 8 5 . 7 9 8 . 9 9 9 . 0

oo 4 . 0 7 . 6 1 . 4 2 . 9 0 . 2 0 . 6 0 . 3 0 . 6 1 0 0 . 0 1 0 0 . 0

T h e sim ulation  is based on 10UU replications of the following DG P,

(1-pB) yt =  (l-^B )u ,, where ut ~  NIID(0, 1), t =  1, 2, •••, T , T  =  300 

m is the num ber of autocorrelations used in the Newey-YVest estim ate  o f long run variance. The 

row for m  =  oo uses the true cr2: it is only m eant as a  com parison. T he row QS uses the QS 

estim ate  o f Andrews (1991); see appendix B for details.
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C H A P T E R  4

CAUCHY TEST FOR TREND STATIONARITY
AGAINST THE UNIT ROOT MODEL

4.1 Introduction

T h e  t r ad i t io n a l  a p p ro ach  to  un it  ro o t  tes t in g  can  be ch a rac te r iz ed  as follows. F irs t ,  th e  

null hypothes is  is ta k e n  as  th e  u n i t  ro o t  m odel.  Second, th e  a s y m p to t i c  d is t r ib u t io n  o f  th e  tes t  

s ta t is t ic s  under  the  null is a  funct ion  o f  B row nian  m o t io n  a n d  t a b u la t io n  o f  cr i t ica l  values by  

s im u la t io n  is needed. T h i rd ,  th e  a sy m p to t ic  d is t r ib u t io n  o f  th e  te s t  s ta t i s t ic  u n d e r  th e  null 

dep en d s  on  th e  specification  o f  th e  t r en d  c o m p o n e n t  u n d e r  th e  a l te rn a t iv e ,  i.e. w h e th e r  a  

nonzero  m e a n  a n d / o r  linear t r e n d  a re  a llowed, cf. Dickey a n d  F u lle r  (1979, 1981), Phil l ips

(1987), Phil l ips  a n d  P e r ro n  (1988); the  o rder  o f  po lynom ia l  t r e n d ,  cf. O uliar is ,  P a rk  a n d  Phil l ips

(1988); a n d  w hether  b reaks  in th e  t r en d  a re  allowed, cf. P e r ro n  (1989).

As a n  ex tens ion  o f  th e  u n i t  root l i te ra tu re ,  th e  te s t  for c o in teg ra t io n  also  takes  th e  u n i t  

ro o t  as  th e  null m odel .  T herefore ,  as  a  tes t  for a n  economic th e o ry  w hich  suggests  co in teg ra t ion  

a m o n g  economic variables ,  it  takes  as th e  null t h a t  th e  theo ry  is false.

R ecently  Bierens (1991a) has proposed a  new a p p ro a c h  to  th e  u n i t  ro o t  tes t in g  which 

takes  issue w ith  th e  f irst tw o  fea tures  o f  th e  t r a d i t io n a l  u n i t  ro o t  te s t ing .  I t  takes  s t a t io n a r i ty  as 

th e  null m odel a n d  u n i t  ro o t  a s  th e  a l te rn a t iv e ,  w ith  th e  a s y m p to t i c  d is t r ib u t io n  o f  th e  tes t  

s ta t i s t ic  und er  th e  null be ing  s t a n d a rd  C au chy .  T h erefo re  ta b u la t io n  of  cri tical values by 

s im u la t io n  is unnecessary . However B ierens’ C a uch y  te s t  do es  n o t  have  a n y  power to  

d is t ingu ish  trend  s ta t io n a r i ty  from  u n i t  ro o t  w ith  drif t ,  w hich  a re  th e  tw o  p r im a ry  com pe t ing  

m odels  for m o s t  h is to r ica l  m acroeconom ic  t im e  series.
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T h e  a p p ro ach  taken  by Bierens im plic it ly  uses th e  v a r iab le  a d d i t io n  m e th o d  proposed 

by  P a r k  (1990). F ir s t ,  th e  t im e  series o f  in te res t  is regressed on  so m e  tre n d  c o m p o n en t  a n d  

som e  superf luous regressors, then  the  coefficient e s t im a te s  on  th e  super f luous  regressors a re  used 

to  c o n s t ru c t  th e  te s t  s ta tis t ic .  T h e  nu isance  p a ra m e te r  a p p e a rs  in  th e  a sy m p to t ic  d is t r ib u t io n  

p rop o r t ion a l ly .  I f  a n o th e r  a sy m p to t ic  n o rm a l  r a n d o m  var iab le  c a n  be  co n s t ru c te d  t h a t  a lso 

d ep en d s  on  th e  nu isance  p a ra m e te r  p rop o r t ion a l ly ,  th e n  th e  q u o t i e n t  o f  th e  tw o  ra n d o m  

var iab les  is a sy m p to t ic a l ly  free from  th e  nu isance  p a ra m e te r .  I f  t h e  tw o  ra n d o m  variab les  a re  

a sy m p to t ic a l ly  ind ep en d e n t  w ith  equa l variance , th e i r  q u o t ie n t  is  a sy m p to t ic a l ly  s t a n d a rd  

C a u ch y .  T h is  is th e  ap p ro ach  tak en  by  Bierens (1991a) .

T h e  te s t  s ta t i s t ic  proposed by P a rk  (1990) is th e  a d ju s te d  F  (o r  W a ld )  s ta t i s t ic  o n  th e  

significance o f  th e  superf luous regressors . U nder s t a t io n a r i ty ,  i t  is d i s t r ib u te d  a s  C h i-sq ua re  w ith  

th e  degree  o f  freedom  being equal to  the  n u m b e r  o f  super f lu ou s  regressors. However,  an  

e s t im a te  o f  th e  long run  variance  is needed which can  cause  so m e  p ro b le m  in fin ite  sam ples ,  

because  i t s  convergence to  th e  a sy m p to t ic  d is t r ib u t io n  m a y  be slow. T h is  is a lso p a r t  o f  th e  

p ro b le m  w ith  th e  Ph il l ip s -P e r ron  tes t .  P a rk 's  te s t  a l low s very  genera l  d e te rm in is t ic  t r e n d  un d e r  

b o th  th e  null a n d  th e  a lte rna t ive .

T h is  ch a p te r  is based  upon  a n d  is a  genera l iza t io n  o f  B ie rens’ work. W e  will co n s t ru c t  

severa l  te s ts  for s t a t io n a r i ty  ag a in s t  u n i t  roo t .  I t  t a k e s  th e  v a r iab le  a d d i t io n  a p p ro a c h  o f  P a rk  

a n d  proposes a  C au ch y  tes t  for s t a t io n a r i ty  w ith  a  m a in ta in e d  d e te rm in is t ic  t im e  t r e n d .  W e  

fo rm  th e  tw o  a s y m p to t ic  n o rm a l  q u an t i t ie s  in tw o  w ays. F ir s t ,  we f i t  som e de te rm in is t ic  t r en d  

a n d  superf luous tr en d ;  th e  coefficient on  th e  super f lu ou s  t r e n d  fo rm s  one  a s y m p to t ic  n o rm a l  

q u a n t i t y ,  th e  o th e r  a s y m p to t ic  no rm al q u a n t i ty  is th e  p a r t ia l  s u m  o f  d e t ren d e d  series us ing  th e  

co rrec t  t r en d  specification. Second, an  o r th og on a l  po ly no m ia l  regression is e s t im a te d ;  th e  tw o  

a s y m p to t ic  n o rm al  q u an t i t ie s  a re  j u s t  the  coefficient e s t im a te s  o n  superf luous  trend s .  T h e  

a s y m p to t ic  d is t r ib u t io n  of  ou r  tes t  s ta t is t ic s  is s t a n d a rd  C a u c h y  a n d  no  e s t im a te  o f  th e  long  run
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variance is needed.

T h e  a s y m p to t ic  theory  and  a  te s t  s ta t is t ic  using th e  first a p p ro ach  a re  developed in 

Sec tion  4.2 T h e  te s t  s t a t i s t i c  using o r th o go na l  po lynom ia l  regression is developed in  Section 4.3. 

W e  give fu r th e r  d iscussion o f  th e  em pir ica l  results  in  Section 4.4. Section 4.5 su m m a r ize s  an d  

conc ludes  th i s  c h a p te r .  T h e  p roof  of a ll theore tica l  resu lts  is collected in th e  a p p en d ix  to  the  

c h a p te r .

4.2 S ta t io n a r i ty  a n d  U n i t  R o o t  A round  a  G enera l  D ete rm in is t ic  T re n d

4.2.1 T h e  Model

T h e  tw o  c o m p e t in g  m odels  for Y t a re  s t a t io n a r i ty ,

(4 .2 .1) Y t =  u t

a n d  u n it  root

(4 .2 .2a) A Y t =  ut .

T h e  u n i t  ro o t  m od e l  c an  also  be w rit ten  as,

(4 .2 .2b) Y t =  Y0 +  S j =lUj

By th e  in va r ian ce  pr inc ip le  (T heo rem  2.2.4),

(4 .2 .3) E}=lUj ~  t 1/2<rW (l) ,

so th e  s to ch as t ic  t r e n d  is a sy m p to t ic a l ly  equ iva len t to  a  sq ua re  ro o t  t r e n d  in  p ro bab i l i ty .  In a  

regression o f  y t o n  a n  in te rce p t  an d  t 1^2, th e  coefficient on  th e  t im e  t r en d  t 1^2 ap p ro a ch es  zero 

u n d e r  th e  null,  b u t  a p p ro ach es  a  nondeg enera te  n o rm a l  d is tr ib u t io n  und er  the  u n i t  roo t .  I t  

tu r n s  o u t ,  however,  t h a t  a ll trend in g  regressors, d e te rm in is t ic  o r  s tochastic ,  have  th e  ab i l i ty  to  

d is t in gu ish  s t a t i o n a r i t y  from  u n i t  root. Let th e  null hypo thes is  be t h a t  Y t is t r e n d  s ta t io n a ry ,
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(4 .2 .4)  H0: Y t =  f ( t / T ) b  +  u t , u t ~  A ssu m ptio n  2.2.1,

a n d  th e  a l t e rn a t iv e  be  t h a t  Y t is gene ra ted  by  a  u n i t  ro o t  process a ro u n d  a  d e te rm in is t ic  trend,

(4 .2 .5) H j:  Yt  =  f ( t / T ) b  +  X t, A X t ~  A ssu m p tio n  (2.2.1).

W e  will ru n  th e  following aux il ia ry  regression,

(4 .2 .6) y t  =  f ( t / T ) b  +  g ( t / T ) 0  +  et

w here  f ( t / T )  is th e  m a in ta in e d  de te rm in is t ic  trend  a n d  g ( t / T )  rep resen ts  th e  superfluous t ren d .  

I f  th e re  a r e  m u l t ip le  superf luous  regressors, then  g( • )  is a  vector func t ion .  In  th i s  section, we 

tak e  g( • )  a s  a  sca la r  func t ion .  In Section 4.3, we s tu d y  th e  case  o f  m u l t ip le  superfluous 

regressors. T h e  O LS e s t im a te  o f  0  is, no t in g  th a t  0  =  0 under b o th  H0 a n d  H j ,

(4 .2.7) 0  =  [ S g * ( t /T ) /g ’ ( t / T ) ] ‘1[ £ g * ( t /T ) /e t]

w here  g * ( t / T )  is th e  linear p ro jec tion  res idual o f  g ( t / T )  o n  f ( t / T ) .  In  Bierens (1991a) ,  f( t)  =  1 

u n d e r  s t a t io n a r i ty ;  a n d  f( t)  does  n o t  exis t u n d e r  th e  u n i t  root. So B ierens’ re su lts  a re  restr ic tive 

in  t h a t  no  d e te rm in is t ic  t rend  is a llowed un d e r  c ither th e  null o r  th e  a l te rna t iv e .

4.2 .2  T h e  A s y m p to t i c  T h eo ry

T h e  a s y m p to t ic  d is t r ib u t io n  o f  0  is given in T h e o re m  4.2.1.

T h e o re m  4.2.1 (a s y m p to t ic  d is t r ib u t io n  o f  0 )

(i) U n d e r  H0, f f 0  => N(0, <r2s?);

(ii) u n d e r  H x, ( 1 / ^ ) 0  => N(0, <r2s | ) ;

where s2 a n d  s2 a re  g iven in the  A ppendix .

So th e  ra te  o f  convergence o f  0  is different under th e  null and  th e  a l te rn a t iv e .  Specifically und er  

H0, 0  ap p ro a ch es  zero a t  r a t e  •JT, because O LS is cons is ten t  d e sp i te  th e  serial correlation  in  u t .
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■>jT/3 has  a  n on deg enera te  d is t r ib u t io n .  U nder H j,  ( l / \ |T ) / j  ap p roach es  a  nondegenera te  

d is tr ib u t io n ,  ’'[T/? is d ive rgen t .  A tes t  based on •vfT/3, would  be  consis ten t if th e  nuisance 

p a ra m e te r  <r2 can  be e s t im a te d .  A ctua lly  th e  tes t proposed  by  P a r k  (1990) is  j u s t  th e  corrected  

F  te s t  for ( 0  =  0) w hich  is a sy m p to t ic a l ly  d is t r ib u te d  a s  Xj- N o te  t h a t  0  =  0 u n d e r  b o th  H0 

a n d  H 1. A  te s t  can  n o t  be based  on th e  coefficient o f  th e  m a in ta in e d  t im e  t r e n d  (b) since b  is 

unknow n.

T h e  a s y m p to t ic  d is t r ib u t io n s  in T h e o re m  4.2.1 a re  G a u ss ia n  w ith  nu isance  p a ra m e te r  

i t 2 . W e  follow Bierens (1991a)  to  c o n s t ru c t  a  C au chy  tes t .  T here fo re  we need t o  define a n o th e r  

s ta t i s t ic  £ which  b ehaves  s im ila r ly  to  ■'|T/?, i.e. h av ing  a  l im it ing  n o rm a l  d is t r ib u t io n  un d e r  H0 

a n d  d iv e rgen t  un d e r  H r  If  £ were defined a s  in Bierens,

€(r) = [TrpEllftyt-y),

th en  since th e  t r en d  c o m p o n e n t  is p resen t under  b o th  th e  null a n d  th e  a l te rn a t iv e ,  £ ( r )  behaves 

s im ila r ly  a sy m p to t ic a l ly .  So £ ( r )  does  n o t  have  a n y  pow er t o  d is t ingu ish  th e  tw o  models. 

However, if  th e  series Y t is d e t ren d ed  first, then  the  res iduals sho u ld  behave d ifferently  un der  

th e  null a n d  th e  a l te rn a t iv e .  Because un der  H0 th e  res idual sh o u ld  be  s ta t io n a ry ,  w hile  u n d e r  

H j i t  co n ta in s  a  s tochas t ic  t rend .  A ccordingly  we define £ ( r )  a s  follows,

£(r ) =  [ T r r ^ l f y *

where y* is th e  l inear  p ro jec tion  res idual o f  y t on f ( t / T ) .  T h e  j o i n t  a sy m p to t ic  d is t r ib u t io n  o f  0  

a n d  £ is g iven  below.

T h e o re m  4.2.2

(i) U nd er  H0, ^ ( £ ,  « r ) ) '  => N(0, ^ Q ^ r ) ) ;

(ii) u n d e r  H lt ( 1 / ^ T ) ( £ ,  € ( r ) ) '  => N(0, <t2Q 2(^)) ;  

where a n d  Q 2 a re  given in th e  A ppendix .
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Now we orthogonalize the  two norm al random  variables to  construc t a  Cauchy random  variable. 

Define

(7 lT(r), 72T(r » / =  L-‘>[T(/?, « r ) /  ~  N(0, <t2I2)

where the m atrix  L is such th a t Q 1 =  LL '.  For exam ple, the  Cholesky factor o f Q j can be 

chosen as  the  m a trix  L. However as noted in the  A ppendix, the  need for m atrix  decom position 

can be avoided in certain  circum stances. T he asym pto tic  d istribu tions o f 7 lT  and  7 2T are given 

in  the  following theorem .

T heorem  4.2.3

(i) U nder H0, ( 7 ix ( r )' 7 2 t ( t ) ) '  ~  N ( ° ’

(ii) u n d e r  H j ,  T ‘ l (7 lT ( r ) ,  72T( r ) ) '  => o-(Cj, C2)'; 

w here  (Cj, C2) is m u l t iv a r ia te  n o rm al .

4.2.3 T he T est

Now we define the test s ta tis tic . F irst let

_  72-r
i  i r p ~  1 * - 2l + I  7 2j ^

where is a  consistent estim ate of the variance of Ay*. N ote th a t  th e  denom inato r of is 

in v a rian t to  a  linear transform ation  of y t . Its lim iting  d is tribu tion  is given in the nex t theorem .

Theorem  4.2.4

(i) U nder H0, ( 7 i t ( t ) ,  O '  => N(0, I2);

(ii) under Hx, => <r£ / ( ctC2).

Define th e  s ta tistic ,

(4-2.8) C, =  ^  =  ^ [ l + T - S ^ - 2 ]
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which is invarian t to  a  linear transform ation  of y t . Since 4* converges to  a  nondegenerate 

d is tribu tion  under bo th  the null and  the  a lternative , the asym pto tic  behavior of C x is dom inated  

by th a t o f 7 1T. T he  m ajor result is presented in the  following theorem .

T heorem  4.2.5

(i) U nder H0, C x => C auchy(0, 1);

(ii) under Hx, T ‘1C 1 =s> ( ^ / o'SKCk^ )-

Note th a t  the  C auchy d istribu tion  is the S tuden t t  d istribu tion  with one degree of freedom. T he 

C auchy te st is free of nuisance param eters. Specifically its  asym ptotic d is tribu tion  under the 

null does no t depend on th e  long run variance, so in con trast to  the Phillips-Perron test an d  the 

P ark  x 2 te s t» our te s t does not need the es tim ate  of the long run variance. I t  is strongly 

consistent ag a in st th e  un it root m odel. T he asym pto tic  d istribu tion  of th e  te s t sta tis tic  does not 

depend on the use o f a  specific set o f superfluous regressors in general. O f course, the value of 

th e  te s t s ta tis tic  is going to  be different th rough  the m atrices Q x and  L for different g( •) 

functions. T he  difference in the ra te  o f convergence o f  th e  test s ta tis tic , essentially resulting 

from  Theorem s (4.2.2)(ii) and (4.2.3)(ii), does n o t depend on any nuisance param eter, so the 

power of the te st in large sam ples is no t related to  any nuisance param eter.

However there is som e arb itra riness in th e  construction  of £* and  C x. For exam ple let e 

be any positive num ber, then  the new sta tistic

^  (1+€2T ‘ S 2 T ^ a ) =* C auchy(0, 1) under H0.

B ut for large e, the  term  ( l + e 2T ‘ 1 t h o u g h  it asym ptotically  equals to  1 under H0, can

be very large in finite sam ples. For sm all e, the te rm  ( I + ^ T ' ^ t O ^), although it 

asym pto tically  diverges under Hx, can be very sm all in finite sam ples. So even though th e  test 

is asym pto tically  invarian t to  a  linear transform ation  of Y t, in finite sam ples it can be very
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dependent on the way the test is constructed. Some sim ulation  on th e  m agnitude of 

( 1+ T '17 jx d -^ ) is collected in T ab le  4.3.2 for the test in Section 4.3.

A lthough the nuisance param eters asym pto tically  vanish under the null, they m ay affect 

the  power of the test in fin ite sam ples as they appear in the asym pto tic  d istribu tion  under the 

a lternative, cf. Theorem  4.2.5 (ii). For the  m om ent, let

(T'iT' i f o Y  =  * 'X( 7 i t .  7 2t ) ; =* N ( ° ’ *2)

then

Cr
_  7 i t  _  7T t 

r  i 2T i + t T - S & f r

If (<r2/<r^) is large, then there m ay be substan tia l size d istortion. If (<t2/<t^) is sm all, then  the 

power o f the  te st in fin ite sam ples is low. T h is  is confirm ed by th e  calculation  in Bierens 

(1991a, T able 3). For the  ARM A(1,1) process u t =  0u t. j  +  et-9et_v  et ~  IID (0, 1),

1-0 2
(4.2.9a)

(4.2.9b) 1 -0
1-0

r  1- 02
|_i-<£2+(0

T hey are going to  be used in the discussion of th e  sim ulation  results.

4.2.4 M onte C arlo  S im ulation

T he d a ta  generating  process is the sam e as in Bierens (1991a),

( l-0 B )( l-p B ) Y t =  (1-0B) «t , t t ~  NIID(0, 1) t  =  1, 2, •••, T

<t> =  {0,0.8,0.9,0.95}, p  =  {0,0.8,0.9,0.95,0.99,1}, and 9 =  {0,0.5}, T  =  {100, 300, 500}. The 

case o f T  =  500 is in tended to  cap tu re  some asym pto tic  properties o f the te st. In th e  form al 

no ta tion  of equations (4.2.4) and (4.2.5),
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if p =  1, ut =  A Y t , (l-4>B)ut =  (l-0B )e t 

if  p  <  1, ut =  Yt , ( l-0 B )( l-p B )u t =  (l-0B )et .

Note th a t  the test is invarian t to  the coefficient b on the  m ain ta ined  trend  in equations (4.2.4) 

and  (4.2.5), so it is set to  zero in the sim ulation  for sim plicity . In the sim ulation, we set f(t) =  

(1 t)  to  cap tu re  a  linear trend , and  g (t) =  t2 for the spurious regressor, and r  =  0.5 for the 

construction  of £ (r) .

T ab le  4.2.1 presents the  results o f the M onte C arlo sim ulation . The em pirical size is 

close to  the  nom inal size except for the near-unit root case (p =  0.95, 0.99), or when the 

sta tionary  process has high persistence (<j> and p are high). However the  test has alm ost no 

power aga inst the random  walk model, which is not surprising. B u t th e  power aga in st general 

A RIM A m odels seems satisfactory. The test has som e power to  d istinguish  sta tio n a ry  processes 

w ith m oderate persistence (p =  0.8, <j> =  0.8) from a  genuine un it root (p  =  I ,  <j> =  0.8). Note 

th a t  the  size and power results o f our test w ith a  m ain ta ined  linear trend  are very close to  those 

of Bierens (1991a) with no trend . T he results w ith g (t) =  t3 and  g(t) =  t 5 are sim ilar, as 

suggested by the theoretical argum ent, and  are not reported.

T he quasi-nuisance param eters in Equation 4.2.9 are num erically listed in  T ab le  4.2.2. 

T h is explains the low power aga inst the random  walk models and  the  substan tia l size d istortion  

for near-unit root models. For a  random  walk model, <z2/<r2 is one, which makes th e  m ultiplier 

(the  te rm  in the  bracket) in Equation 4.2.8 sm all, resulting in no t enough rejection of the null. 

For near-un it root models (w ith both p and  <j> large), d 2 , is huge, which m akes th e  m ultiplier 

in E quation  4.2.8 substan tia lly  larger th an  one, resulting in excess rejections o f th e  null. As 

Bierens (1991a) has pointed ou t, the power of the test is good aga inst un it root a lternatives w ith 

strong persistence, bu t its power is low against alternatives w ith weak persistence.

A pplying the  filer (1-0.5B) to  the  series always reduces the  quasi-nuisance param eters,
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and th is also transla tes in to  size and  power. For s ta tionary  processes w ith low serial correlation, 

the  reduction in (cr2/<7^u) is sm all, and the size is not affected m uch by the  transform ation . For 

sta tio n a ry  processes w ith  high persistence, the reduction is m uch larger. A lthough the  relative 

change is sm all, the size d isto rtion  is sm aller after applying the  filter. F or an a lternative  model 

w ith high persistence, applying the  filter substan tia lly  reduces the  nuisance param eter (<r2/<r2). 

Since the  nuisance p aram ete r rem ains large, the  power o f the  test is no t affected. For an 

a lte rna tive  m odel w ith  low serial correlation, applying th e  filter substan tia lly  reduces the 

nuisance param eter.

T h e  discussion above leads to  the following recom m endations: (i) if  the series o f interest 

has high persistence an d  the first difference still has high persistence, then  apply the  filter (1- 

0.5B); (ii) if the series itself has high persistence bu t th e  firs t difference of the  series does not 

have high persistence (near-un it roo t vs random  walk), do  the  te s t b o th  w ith an d  w ithou t the 

filter, an d  be careful in  in te rp re ting  the results; (iii) in o th e r cases, w hether one applies the  filter 

or not does no t affect th e  results.

4.3 T ests Using O rthogonal Polynom ials

T h e  key to  construc ting  the  C auchy test is the derivation  of tw o random  variables th a t 

are asym pto tically  norm ally  d istribu ted . T he quality  o f the  approx im ation  o f asym pto tic 

d is tribu tion  in finite sam ples depends on the various F C L T ’s. In the  construction  o f f  in the 

la st section, only a  fraction  ( r )  o f the observations are used. T h is  approxim ation  can possibly 

be im proved by using m ore observations in the  construction  of the  p artia l sum . However the 

partia l sum  of the OLS residuals quickly approaches zero (if an  in tercept is included in f(t)). 

Therefore we m ust construc t the norm al q u an tity  in o ther ways.

If  the  m ain ta ined  trend  f( •) and  the superfluous trend  g( •) are orthogonal, then  from 

E quation 4.2.7,
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(4.3.1) =  [S*5( t / T ) '8 ( t /T ) ] -1 [E g (t/T )#e J .

Therefore specification of the m ain ta ined  trend is not necessary, as long as the  superfluous trend 

is known to  be orthogonal to the possibly unknown true  tren d . If i t  were no t for the  quan tity  

cr'£ in the  definition o f which m akes the test s ta tis tic  in v a rian t to  a  linear transform ation, 

then the true trend  f( •) would be irrelevant. Bierens (1992b) uses a  system  of orthogonal 

Chebishcv polynom ials to  app rox im ate  the unknown trend  f( •). W hen th e  approx im ation  is 

close enough, th e  variable add ition  approach  can be used.

W e can include m ultip le superfluous regressors in  the auxiliary regression, and 

orthogonalizc (asym pto tically ) the coefficients on the superfluous regressors in the construction 

of the C auchy test. In th is section, we represent the m ain ta ined  trend  by a  set o f orthogonal 

polynom ials; add itiona l m ultip le orthogonal polynom ials are used as superfluous regressors. The 

test is constructed  by using the coefficients on the  superfluous regressors. T he  m ain ta ined  trend 

is assum ed to  be a  linear tim e trend .

4.3.1 T he C auchy T est

Let the  orthogonal polynom ials be as given in Section 2.3.2. T he asym pto tic 

d istribu tion  o f  the OLS es tim ate  of the  orthonorm al regression, cf. Equation 2.3.8,

y t =  s ?=obiPr,T(t / T ) +  et> 

is norm al w ith the covariance m atrix- being the  iden tity  m a tr ix  scaled by <r2, cf. Theorem  2.3.1. 

Let 7 j.j- =  b2, 7 2T =: b3 as  in Section 4.2. T hen  the C auchy te s t can  be constructed th e  sam e as 

in Section 4.2. T he resulting C auchy test s ta tis tic  is denoted  a s  C2.

4.3.2 A t-te s t

Since the coefficients of all the superfluous regressors a re  zero, if m ore superfluous 

regressors are included in the regression, then the power o f the  test m ay be im proved.
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C ontinu ing  the  discussion in the last subsection, if k ( >  2) superfluous orthonorm al polynomials 

are included in the  regression. T he asym ptotic IID norm al coefficients estim ates (b2, b3, •••, 

bk+1) ' can easily be used to  construct a  t-test.

A consisten t t  te s t can be constructed as in Equation 4.2.8, for exam ple,

(4-3.2) c ;  = - J = | p  [i+T -H s^b?]^2].

I t  is triv ia l to  show th a t

under H0, C 2 => l (k-i)»

under H ,, T^G jj => nondegenerate d istribu tion .

N ote th a t Bierens (1992b) has used a  sim ilar “approxim ate” t-te s t, where the m ain ta ined  trend  

f( •)  is assum ed to  be unknown and is approxim ated by a  set o f Chebishev polynom ials.

4.3.3 M onte C arlo S im ulation

T h e  results of M onte C arlo sim ulation on C 2 are presented in T able 4.3.1 T he results in 

general a re  the  sam e as those for the earlier tests; nam ely the size is close to  the  nom inal size 

b u t the  power against the  random  walk model is low. One advan tage of the  test is th a t i t  trea ts  

the near u n it root model as s ta tionary  (a t the expense of also trea ting  th e  random  w alk model 

as s ta tio n a ry ), in con trast to  the Dickey-Fuller test th a t  trea ts  near unit roo t m odel as un it root 

process.

T ab le  4.3.2 collects sim ulation  results on the  m agnitude o f the m ultiplier 

( l+ T " 17 2Tff^ ) . T he p a tte rn  in the sam ple mean o f the m ultip lier roughly corresponds to  the 

p a tte rn  of em pirical size and power in Table 4.3.1. S im ulation  shows th a t 7 ^  and  j 2T  are 

approxim ately  d istributed  as norm al in finite sam ples w ith equal variance; therefore, the  size
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disto rtion  an d  the lack o f power of the  test is caused by the ill behavior of the  m u ltip lie r. T able

4.3.3 con tains som e sta tis tics on the quality  o f approxim ation  for the  asym pto tic  d is trib u tio n  of 

b in T heorem  2.3.1(i). By Theorem  2.3.1 w ith a 2=  1, all the  entries in  T ab le  4 .3 .3a 

corresponding to  p  ^4 1 should be zero, and all th e  entries in T ab le  4.3.3b corresponding to  p  

1 should be one. R esults in the tab le  indicate th a t the  asym pto tic  app rox im ation  is ra th e r 

poor in fin ite  sam ples (T  =  100 here).

T ab le  4.3.4 contains the sim ulation  result on the t 4 test o f Equation  4 .3 .2 . Indeed the  

te s t is m ore powerful th an  the  C auchy test, since the  additional superfluous regressors provide 

m ore in form ation  on the  spurious natu re  of the  trend  under the un it root.

G iven th e  low power of the  test against th e  random  walk model, the find ing  o f  a  u n it 

roo t should be regarded as strong evidence for unit root, ju s t as the  rejection o f u n it  roo t by th e  

D ickey-Fuller te s t should be regarded as strong  evidence for s ta tio n arity .

4.4 F u rth e r Discussion and  O ther T ests for S ta tionarity

U nit roo t tests  are designed to  distinguish different characterizations o f  trend  in a  

stochastic  process, including stochastic trend  (random  walk) and determ inistic tren d  (e. g. tim e 

polynom ial, polynom ial w ith breaks, or seasonality). In order to  te s t for th e  presence (u n it root) 

o r th e  absence (s ta tio n arity ) o f stochastic trend , an  adequate specification of th e  determ in is tic  

tren d  is necessary. Overspeciflcation o f the determ inistic trend  does no t affect th e  te s t 

asym pto tically . However, underspecification has serious consequences. Since a ll th e  u n it roo t 

tests  rely  on the  notion  th a t  the variance of a  un it roo t process increases linearly  while th e  

variance o f  a  sta tio n a ry  process rem ains constant, if  there is any trend  rem ain ing  in  the  series, 

th e  te s t would tend  to  in te rp re t it as evidence o f nonsta tionarity , th a t is, a  u n it  roo t in  our 

context. Therefore, a  nonrejection of the  un it roo t model by th e  trad itio n a l te s t does no t 

necessarily im ply th e  existence of a  un it root; sim ilarly  the  rejection of th e  null o f  s ta tio n a rity
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by our test does no t necessarily imply the existence o f a  unit root. T his is ju s t  like the existing 

m any classes o f model specification tests. Since th e  test can have power aga in st a  class of 

alternatives , the rejection o f the null model only im plies th a t th e  null model is n o t an  adequate 

characteriza tion  of the  d a ta ; i t  does not necessarily im ply the correctness o f a  specific alternative 

m odel.

Since a  process w ith seasonal un it root (com plex un it root) has the sam e degree of 

nonsta tionarity  as a  un it roo t process, our test also has power aga inst the seasonal un it root 

m odel. T his reinforces our earlier point th a t  the rejection of the null model does n o t necessarily 

im ply  the  valid ity  of a  specific alternative model.

K ahn and  Ogaki (1991) propose a  test for s ta tio n a rity  based on the  asym ptotic 

d is tribu tion  theory for the ir u n it root test (K ahn an d  Ogaki, 1990). As for th e  x 2 test of Park  

(1990), the need to  es tim ate the  long run variance m akes the te st consistent a t  ra te  T 5 (0 <  6 <  

1). W hile our test is consistent a t ra te  T , its power against th e  random  w alk m odel in finite 

sam ples is low. Note th a t  the LM test for s ta tio n a rity  in K w iatkow ski, Phillips, Schm idt and 

Shin (1992) is also consistent a t  rate T j .

T he asym pto tic  d istribu tion  of our test s ta tis tic  does no t depend on the  specification of 

th e  m ain ta ined  determ inistic  trend under both th e  null and  the  a lternative . Suppose the 

determ in istic  trend  is a  linear trend w ith a  break in the  in tercep t a n d /o r  slope and  th e  break 

po in t is known. T hen  the  Cauchy test for s ta tio n a rity  around the breaking trend  depends on 

th e  break po in t, b u t its asym pto tic  d istribu tion  is still C auchy. Such is n o t the  case w ith  the 

trad itio n a l test for un it root. T he trad itional te s t for unit roo t around  a  breaking trend  is a  

function  of the  break point; its  asym ptotic d is tribu tion  is a  random  function o f th e  break point, 

cf. P erron (1989). In order to  make the asym pto tic  d istribu tion  o f the  P erron-type test free of 

the  break point, the break poin t has been assum ed to  be determ in istic bu t unknow n. Since the 

break po in t is unknown, it needs to be estim ated . T o  account for th e  es tim ation  of the  break
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po in t, the  m odified Perron-type test s ta tis tic  is taken as a  continuous functional of the  Perron- 

type te s t in certa in  regions o f the param eter space for the break po in t. By th e  continuous 

m app ing  theorem , th e  asym pto tic  d is tribu tion  of the  m odified P erron-type te s t is a  functional of 

the  asym pto tic  d is tribu tion  of the Perron-type test. I t  is free o f nuisance param ete r —  the 

break po in t. I t is no t clear how our test can be conducted for a  determ in istic  b u t unknown 

break po in t.

4.5 S um m ary  and  Conclusion

B oth the fam ous Dickey-Fullcr test and the  P liillips-Perron te s t for un it root take the 

un it ro o t m odel as  the  null; the  asym pto tic d istribu tions of the tes t s ta tis tic s  a re  nonstandard , 

are dependen t on nuisance param eters, and are also dependent on th e  a lte rn a tiv e  m odel. Bierens 

(1991a) construc ted  a  test which lakes the s ta tio n a rity  as the null model and  the u n it root w ith 

d rift as  th e  a lte rn a tiv e  model. T h e  asym pto tic  d is tribu tion  is s ta n d ard  C auchy.

Using the variable addition  approach of P ark  (1990), we propose som e generalizations of 

the  Bierens C auchy test w ith m ain ta ined  linear trend under both the  null and  the  alternative. 

M onte C arlo  s im ulation  indicates th a t the te st has reasonable power to  d istinguish  a  sta tionary  

process w ith  s trong  persistence aga inst a  unit root process. Like th e  D ickey-Fuller te s t, it does 

no t have any  pow er to  distinguish the near-un it root process from a  random  walk.

T he  fram ew ork used in th is chapter can also be used to  te s t for s ta tio n a rity  around a  

stochastic  trend , i.e. cointegration , as in Engle and G ranger (1987). B u t the power o f the test is 

likely to  be very low, so we do no t pursue it fu rther here.
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A ppendix

P roof o f  T heorem  4.2.1 

N ote th a t

T p  =  [T '1E g * (t/T ) 'g ‘ ( t /T ) ] '1[E g * (t/T ) 'e J .

F rom  th e  definition of the  R iem ann integral,

T ’1S g * (t/T ) /g“( t /T )  -  Jg*'g*.

U nder H0, et =  u t,

( l / ^ T ) £ g - ( t /T ) 'e t =► it JV'dW 

f t p  => ^ [J g V ]-1[Jg*,dW] ~  N(0, s2), 

w here s2 =  <r2[ Jg * /g *]"1 by Theorem  2.2.3 (i).

U nder H j, et =  EjUj,

T 3/ 2£ g * ( t/T ) ;et => <r Jg * /W, 

( l / ^ = > <T [ J g V ] * 1[ I g ' ,W ])

and  s2 can  be calculated  using Theorem  2.2.3(ii).

P roof o f  Theorem  4.2.2 

Note th a t

’JT? =  (T /[T r ] )  T ’1/ 2E [£ fy * .

(i) U nder H0,

T - l ^ v l T ^ y .  ^

where
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by Theorem  2.2.6 (ii) 

by Theorem  2.2.6 (ii)

by Theorem  2.2.5(H) 

□
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W(r) = VV(r) -  [Jofl[Jof'fl'1[J'of/dW] ~  N(0, sg),

4 = - [JMlJWUSn-

Note th a t  W (r) is different from the detrended Brownian m otion W *(r) in  Theorem  2.4.1, 

because W *(r) is the  lim iting  d istribu tion  of standardized p artia l sum s under the  assum ption  of 

a  u n it root, while W (r) here is the lim iting  d istribution  under sta tionarity . From  the  above 

results,

T 1/2$ => r -1ffW (r) ~  N(0 , r V s § ) .

T he convergence of (3 in Theorem  4.2.1 (i) and £ here is also jo in t, and their covariance is, from 

Theorem  2.2.3,

s13 =  ^ 1̂ [J g - 'g T 1{ [J 0V ']  -  [ J o V ' f H J W t n n } -

Define as

Q i =
S1 s 13

S13 s3

Then the  result under review follows im m ediately .

(ii) Under H j,

r 3 /2v[T r]y .  a j r w . (r)- by equation (2.4.3) an d  CM T

So,

( 1 / ^ T K = >  r l a J J W ( r ) .

Note th a t  if the  m ain ta ined  trend is a  linear trend, f(r) =  (1 r), the superfluous trend  is a  

quad ra tic  trend , g(r) =  (r2), and the p a rtia l sum  is the  half-way sum , t  =  1/ 2 , then  the 

covariance s13 is equal to  zero. □
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Proof of Theorem 4.2.3

(i) obvious from  the  definition of 7 2-j and  L.

(ii) follows from  T heorem s 4.2.1 (ii) and  4.2.2 (ii),

T ' W  T2T)' => ^ L -1( [J g " g * ]- 1[ J g " d W ] ',  r - V J J W * ( r ) ) '

P roof of Theorem  4.2.4

F irs t we study  the  asym pto tic  behavior o f c r \,

Y* =  Y t -  T '1[ f( t/T )][T '1S f ( t /T ) 'f ( t /T ) ] '1[S f ( t /T ) /Y J

=  et -  T ' 1 [f(t/T )][T ' 1 S f ( t /T ) 'f ( t /T ) ] ' 1 [E f( t/T ) 'e t],

AY* =  A et — T '^ f f t /T )  — f ( ( t - l ) /T ) ] [T '1S f( t /T ) 'f ( t /T ) ] " 1[E f( t/T ) /e J

=  A et -  T '1[f^1)( t / T ) ( l / T ) + 0 ( T ‘2)][( J f 'f ) '1+ o ( l) ] [E f ( t /T ) ,et],

where f ^ ( r )  =  d f (r ) /d r  is the first order derivative.

(i) Under H0, et =  u t .

AY* =  A ut -

T -i/2[f<1)( t / T ) ( l / T ) + 0 ( T 2) ] [ ( J f ,f)-1+ o (l)] [T -1/ 2E f( t /T ) /u J

=  A ut -  T ^ l f ^ H t / T H  J f 'O 'V W d )  +  op(l)]

=  A ut -  O p( T '3^2),

Note th a t

4  = T -'E ^tA y*)2
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=  T - ^ j t A i g 2 +  Op(T'3) -  2(T-1ET=2Aut)Op(T-3/ 2). 

By the  Law o f Large N um bers (LLN),

T -1s T s2A ul ■£. 0, T - ‘S?= 2(A u t )2 Z  < riu.

W e have,

F rom  T heorem  4.2.3 (i),

- 2 p 2 
< 4  -  f f A u '

T herefore C  - 7 2T — 0, and  the desired result follows again  from Theorem  4.2.3 (i).

(ii) Under H j, et =  EjUj. Note th a t

AY 1 =  ut -  Op( T 1/2),

f.2 _  T -1VT „2
“  1 ~ t= 2 u t

=  T - ‘S (A u t )2 +  O p( T l ) -  2 (T -1ST= 2u t O ^ T '1/ 2), 

T '1s7 = 2u t -  0, T - ‘s ; r= 2u2 i  <r2 by LLN.

W e have,

i2  I’ _2
A <V

T he desired resu lt follows by m ultip ly ing the num erator and denom inator o f £* by T 1, and 

using T heorem  4.2.3 (ii),

£* =  T ‘t 2T ^  Z L  □
,r 1+ T 27 jTa ^

P roof o f Theorem  4.2.5

(i) T he resu lt is im m ediate from Theorem  4.2.4 (i).
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(ii) F rom  Theorem s 4.2.3 (ii) and 4.2.4 (ii), 7 lT  diverges a t  rate  T , an d  C  converges to  

nondegenerate d istribu tion ; therefore, their ratio  C 1 diverges a t  ra te  T ,

T - ' q  = T - s 1T/ r  => (a 2/^ )(C iC 2)-
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Table 4.2.1 Monte Carlo Simulation on the Cauchy Test in Theorem 4.2.5

4>
9 T

P
0 . 0 0 . 8 0 . 9 0 . 9 5 0 . 9 9 1 . 0

57. 107. 57. 107. 57. 107. 5% 107. 57. 10% pfc 1 0 %
0 . 0
0 . 0

1 0 0
3 0 0
5 0 0

5 . 0  1 0 .5  
5 . 5  9 . 9  
5 . 4  9 . 4

4 . 9  1 0 .2  
5 . 1  1 0 .8  
5 . 7  1 1 .8

7 . 0  1 4 .6  
5 . 8  1 1 .1
6 . 1  1 1 . 2

6 . 1  1 5 .2  
5 . 5  1 1 .8
6 . 1  1 2 .4

8 . 1  1 9 .6  
9 . 7  3 1 . 8  

1 1 .4  3 6 . 4

3 .7  2 1 . 8
1 4 .1  3 8 .1
2 1 .1  5 1 . 2

0 . 0
0 . 5

1 0 0
3 0 0
5 0 0

3 . 6  8 . 1
5 . 5  1 0 .5
4 . 5  9 . 2

6 . 4  1 1 .6  
5 . 0  9 . 6  
4 . 9  9 . 5

5 . 4  1 1 .9
5 . 4  1 0 .0  
5 . 1  1 0 .3

7 . 3  1 5 .0  
5 . 1  1 0 .8  
6 . 0  1 1 .7

7 . 9  1 4 .3  
7 . 4  1 6 .5  
6 . 7  1 4 .6

8 . 6  1 6 .9
9 . 5  1 8 .7
8 . 5  2 0 . 2

0 . 8
0 . 0

1 0 0
3 0 0
5 0 0

5 . 5  1 7 .7  
4 . 9  1 0 .3  
6 . 7  1 3 .0

1 0 .1  3 6 .7  
6 . 6  2 3 .1  
6 . 9  1 9 .1

2 4 . 0  5 6 . 5  
1 9 .6  4 9 . 2  
1 4 .3  3 9 . 8

3 7 . 4  6 7 . 3
5 9 . 4  8 1 . 9  
6 5 . 2  8 2 . 3

3 9 .8  6 7 .1  
5 5 .3  8 3 . 8  
7 5 .7  8 8 . 9

0 . 8
0 . 5

1 0 0
3 0 0
5 0 0

5 . 0  1 0 .7  
5 . 2  9 . 8  
5 . 7  1 1 .8

7 . 0  2 1 .4  
5 . 2  1 3 .5  
4 . 8  1 0 .5

9 . 1  3 5 . 2  
8 . 5  3 2 . 4  
6 . 7  2 5 . 5

1 7 .4  5 0 . 7  
4 2 . 0  6 9 . 0  
5 1 . 8  7 4 . 5

1 8 .7  5 2 . 4
5 2 .8  7 4 . 5  
5 3 .0  8 1 . 3

0 . 9
0 . 0

1 0 0
3 0 0
5 0 0

2 6 . 6  5 7 .8  
1 8 .8  4 8 .9
1 1 .6  3 7 .5

4 3 . 5  7 2 .1
4 6 .1  7 1 . 8
3 8 . 2  6 4 . 7

5 8 . 8  7 8 . 8  
7 9 . 7  8 9 . 4  
8 1 . 3  9 0 . 4

5 9 .3  8 0 . 0
8 1 .3  9 0 . 2  
8 6 . 8  9 2 . 4

0 . 9
0 . 5

1 0 0
3 0 0
5 0 0

1 3 .9  4 2 .5  
1 0 .3  3 2 .2  

6 . 7  2 1 .8

2 8 . 4  6 3 . 0
3 3 . 2  6 1 . 9
2 5 . 3  5 3 . 2

4 4 . 3  7 1 .7  
7 1 .1  8 4 . 8  
7 6 . 6  8 8 . 3

4 5 .4  7 3 . 5  
7 6 .9  8 7 . 5
8 3 .4  9 1 . 6

0 . 9 5
0 . 0

1 0 0
3 0 0
5 0 0

6 1 .1  8 0 . 8  
6 8 . 9  8 3 . 5  
6 5 . 5  8 0 . 9

7 0 . 4  8 5 .1
8 6 . 4  9 2 . 3  
8 9 . 2  9 4 . 6

7 2 .7  8 6 . 0  
9 0 .0  9 5 . 4
9 1 .8  9 5 . 5

0 . 9 5
0 . 5

1 0 0
3 0 0
5 0 0

4 6 . 5  7 1 .1  
5 8 . 4  7 9 . 0
5 6 . 6  7 6 . 5

6 1 . 6  8 0 .1  
8 2 . 6  9 2 .1  
8 7 . 5  9 3 . 3

5 4 .9  8 2 . 9  
3 7 .7  9 3 . 4  
9 0 .3  9 5 . 8

Note: T h e  num bers in each cell are  the percentage of rejections in 1000 replications. T he M onte 

C arlo sim ulation  results are based on 1000 replications o f the  following D a ta  G enerating 

Process:

( l-* B )( l-p B ) Y t =  ( l-0 B )f t , t t ~  N IID (0, 1)

where th e  pseudo-random  num bers {et } are generated using the  random  num ber generator RAN 

of R A TS. T h e  sim ulation  is executed using (m ainfram e) RA TS Version 3.11.
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Table 4.2.2 Values of the Quasi-Nuisance Parameters in Theorem 4.2.5

0 _2 . 2 <f /<ru a 2 . _2 
! a  Au

0 = 0 0 = 0 .5 0 = 0 0 = 0 .5
0 . 0 0 1 . 0 0 0 . 2 0 0 . 5 0 0 . 0 7
0 . 5 0 3 .0 0 1 . 0 0 3 . 0 0 0 . 5 0
0 . 8 0 9 . 0 0 5 . 0 0 2 2 .5 0 4 . 1 7
0 . 9 0 1 9 .0 0 1 3 .5 7 9 5 .0 0 1 8 .2 7
0 . 9 5 3 9 .0 0 3 2 .5 0 3 9 0 .0 0 7 6 .4 7
0 . 9 9 1 9 9 .0 0 1 9 1 .3 5 9 9 5 0 .0 0 1 9 8 2 .0 7

Note: For ARM A m odel, the quasi-nuisance param ete r is defined by E quation  4.2.9.
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Table 4.3.1 Monte Carlo Simulation on the Cauchy Test

Using Orthogonal Polynomials

0 T 0 . 0 0 . 8 0 . 9 0 . 95 0 99 1 0
5"/. 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%

0 . 0 100 5 . 0 1 0 . 2 5 . 9 1 1 . 9 5 . 0 1 2 . 4 6 . 2 1 2 . 4 7 . 7 2 0 . 2 8 . 3 1 8 . 7
0 . 0 300 5 . 3 1 1 . 2 4 . 5 9 . 3 4 . 2 1 0 . 1 4 . 4 1 0 . 4 8 . 9 2 9 . 5 [L4.4 3 8 . 7

500 5 . 1 1 0 . 8 6 . 3 1 0 . 8 6 . 1 1 1 . 7 5 . 1 1 0 . 2 1 2 . 6 3 5 . 7 2 2 . 4 5 2 . 2
0 . 0 100 5 . 1 1 0 . 4 4 . 9 1 0 . 4 4 . 8 9 . 3 4 . 7 1 1 . 7 6 . 7 1 4 . 6 8 . 8 1 7 . 5
0 . 5 300 5 . 4 1 1 . 7 4 . 6 9 . 6 4 . 2 9 . 7 5 . 7 1 0 . 4 7 . 3 1 3 . 9 7 . 8 1 6 . 9

500 5 . 6 1 0 . 0 4 . 0 8 . 4 5 . 0 8 . 8 5 . 1 1 0 . 5 6 . 7 1 3 . 2 7 . 5 1 8 . 5
0 . 8 100 6 . 3 1 7 . 0 1 0 . 8 3 7 . 3 2 9 . 3 5 9 . 3 4 2 . 3 7 0 . 4 4 5 . 8 7 0 . 6
0 . 0 300 4 . 7 1 0 . 6 5 . 5 2 1 . 7 2 2 . 7 4 8 . 8 6 4 . 1 8 2 . 0 ro .2 8 4 . 6

500 5 . 4 1 0 . 9 5 . 6 1 6 . 9 1 5 . 3 4 0 . 2 6 7 . 9 8 4 . 3 r 7 . 3 8 9 . 4
0 . 8 100 4 . 4 1 0 . 4 i . i 2 3 . 0 9 . 8 3 5 . 4 2 1 . 8 5 3 . 0 2 4 .3 5 5 . 6
0 . 5 300 5 . 2 11 .1 5 . 8 1 2 . 6 7 . 9 3 2 . 5 4 5 . 9 7 1 . 1 5 3 .9 7 3 . 9

500 5 . 6 1 0 . 2 4 . 9 1 1 . 6 6 . 1 2 4 . 5 5 4 . 4 7 4 . 9 5 5 .3 8 2 . 8
0 . 9 100 3 1 . 4 5 8 . 6 4 9 . 7 7 5 . 1 6 6 . 3 8 2 . 3 5 6 .6 8 3 . 3
0 . 0 300 1 8 . 8 4 6 . 8 4 8 . 1 7 0 . 8 8 1 . 1 9 0 . 4 3 2 . 4 9 1 . 9

500 1 3 . 2 3 7 . 0 3 9 . 6 6 5 . 6 8 1 . 8 9 1 . 1 3 8 .6 9 4 . 3
0 . 9 100 1 6 . 3 4 3 . 5 3 6 . 1 6 5 . 1 5 2 . 4 7 3 . 4 5 4 .2 7 5 . 1
0 . 5 300 9 . 4 3 2 . 3 3 2 . 8 6 0 . 2 7 1 . 8 8 5 . 7 7 9 .2 8 8 . 5

500 7 . 0 2 3 . 2 2 6 . 7 5 3 . 3 7 5 . 4 8 8 . 2 3 3 . 9 9 2 . 3
0 . 9 5 100 6 7 . 5 8 4 . 1 7 6 . 5 8 8 . 4 7 7 . 6 8 8 . 7
0 . 0 300

500
6 9 . 3
6 5 . 5

8 3 . 8
8 1 . 3

8 8 . 6
9 0 . 4

9 3 . 7
9 4 . 8

91 .1
93 .1

9 5 . 7
9 6 . 1

0 . 9 5 100 4 9 . 9 7 4 . 5 6 9 . 4 8 4 . 9 7 1 .9 8 4 . 7
0 . 5 300

500
6 0 . 5
5 6 . 6

7 9 . 0
7 7 . 6

8 6 . 0
8 6 . 9

9 2 . 9
9 3 . 2

3 8 . 6
9 1 .7

9 4 . 5
9 6 . 1

Note: See note for T ab le  4.2.1.
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Table 4.3.2 Monte Carlo Simulation

on the Multiplier

P
e 0 . 0 0 . 8 0 . 9 0 . 9 5 0 . 9 9 1 . 0
0 . 0 mean 1 . 0 1 . 1 1 . 4 1 . 8 2 . 2 2 . 2
0 . 0 va r 0 . 0 0 . 0 0 . 4 1 . 4 3 . 0 2 . 8
0 . 0 mean 1 . 0 1 . 0 1 . 1 1 . 1 1 . 2 1 . 2
0 . 5 va r 0 . 0 0 . 0 0 . 0 0 . 0 0 . 1 0 . 1
0 . 8 mean 3 . 1 5 . 8 8 . 9 1 2 . 4 1 1 . 9
0 . 0 va r 9 . 2 4 1 . 1 1 0 8 . 5 2 5 7 . 7 1 9 3 . 9
0 . 8 mean 1 . 8 3 . 1 4 . 8 6 . 6 6 . 6
0 . 5 v a r 1 . 3 8 . 0 2 5 . 1 5 5 . 4 5 6 . 3
0 . 9 mean 1 0 . 4 1 5 . 8 2 2 . 7 2 3 . 9
0 . 0 v a r 1 7 6 . 2 4 0 9 . 9 8 5 5 . 8 9 5 0 . 8
0 . 9 mean 6 . 7 9 . 7 1 4 . 4 1 3 . 3
0 . 5 v a r 6 3 . 4 1 5 6 . 6 3 5 1 . 1 2 8 3 . 3
0 . 9 5 mean 2 4 . 5 3 6 . 3 3 6 . 0
0 . 0 va r 9 9 7 . 4 2 3 7 3 . 9 2 5 2 8 . 8
0 . 9 5 mean 1 6 . 7 2 3 . 2 2 4 . 6
0 . 5 var 4 8 6 . 2 9 1 1 . 3 9 7 5 . 5

Note: “m ean” and “var” are  the sam ple m ean and  sam ple variance, respectively, across 1000 

replications of sam ples o f 100 observations. For sim ulation  setup, see note for T ab le  4.2.1.
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Table 4.3.3 Monte Carlo Simulation

on the Quality of Approximation of

the Asymptotic Distribution in Theorem 2.3.1

A. S am p le  Mean

<t> p
6 0 . 0 0 . 8 0 . 9 0 . 9 5 0 . 9 9 1 . 0
0 . 0 b , 0 . 0 1 - 0 . 0 2 0 . 0 0 0 . 2 6 -  0 . 9 7 2 . 8 7
0 . 0 b 2 0 . 0 1 0 . 1 7 - 0 . 1 9 -  0 . 4 9 0 . 0 6 -  0 . 8 9

b 3 - 0 . 0 6 0 . 1 6 - 0 . 1 0 0 . 1 7 0 . 6 9 -  0 . 6 5
0 . 0 b , - 0 . 0 2 0 . 0 4 - 0 . 1 9 0 . 1 7 -  0 . 2 0 -  0 . 8 4
0 . 5 b 2 - 0 . 0 1 0 . 1 1 0 . 0 3 0 . 0 5 -  0 . 4 5 0 . 5 2

b 3 0 . 0 1 0 . 0 3 - 0 . 2 8 -  0 . 1 9 -  0 . 0 3 -  0 . 0 6
0 . 8 b , - 0 . 2 9 - 0 . 0 7 4 . 4 8 1 0 . 0 4 -  9 . 5 4
0 . 0 b 2 - 0 . 3 0 - 0 . 1 1 1 . 7 1 5 . 6 1 -  1 . 4 6

b 3 0 . 9 4 1 . 4 0 -  2 . 5 0 2 . 5 9 3 . 3 3
0 . 8 b , - 0 . 1 3 - 0 . 6 2 -  0 . 4 1 - 1 4 . 5 0 -  2 . 3 3
0 . 5 b 2 - 0 . 1 6 0 . 6 7 -  0 . 2 2 0 . 2 0 -  2 . 6 4

b 3 - 0 . 4 7 - 0 . 5 0 0 . 3 6 -  1 . 4 2 -  2 . 0 7
0 . 9 b , - 0 . 7 1 -  1 . 0 4 3 . 3 0 5 3 . 0 6
0 . 0 b 2 2 . 4 3 - 1 . 6 2 -  2 . 4 3 -  1 . 8 4

b 3 - 0 . 2 3 -  4 . 5 3 -  2 . 3 6 0 . 8 3
0 . 9 b , 1 . 1 6 0 . 2 2 -  5 . 2 3 1 . 4 1
0 . 5 b 2 - 1 . 3 7 0 . 6 9 -  1 . 8 5 -  3 . 8 5

b 3 - 0 . 7 6 0 . 3 9 2 . 2 1 2 . 2 2
0 . 9 5 b , - 2 2 . 7 3 5 . 4 2 5 5 . 8 8
0 . 0 b 2 -  3 . 5 4 5 . 5 5 0 . 6 5

b 3 -  4 . 2 5 1 0 . 7 9 -  1 . 8 9
0 . 9 5 b l -  5 . 1 5 -  9 . 6 6 - 2 2 . 6 3
0 . 5 b 2 -  2 . 7 7 4 . 8 3 9 . 4 3

b 3 -  1 . 2 1 1 . 7 2 5 . 9 0
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B. Sample Variance

<t> P
B 0 . 0 0 . 8 0 . 9 0 . 9 5 0 . 9 9 1 . 0
0 . 0 b, 1 . 0 1 2 3 . 9 7 8 9 . 8 0 3 2 9 . 7 7 + +
0 . 0 b2 0 . 9 8 2 0 . 6 8 6 8 . 7 6 1 8 6 . 6 9 6 4 5 . 5 3 9 6 9 . 5 9

b.i 1 . 0 4 1 9 . 1 9 5 5 . 2 3 1 1 4 . 7 5 2 2 9 . 8 9 2 5 7 . 1 4
0 . 0 b, 0 . 2 4 5 . 8 8 2 3 . 6 6 8 1 . 1 0 8 3 0 . 4 1 +
0 . 5 b2 0 . 2 7 5 . 5 1 1 8 . 4 8 5 2 . 4 8 1 6 8 . 2 0 2 4 9 . 2 8

b3 0 . 2 9 4 . 9 9 1 4 . 0 7 3 2 . 2 6 5 6 . 2 5 6 0 . 8 4
0 . 8 b, 5 9 2 . 7 4 + + + +
0 . 0 b2 5 1 1 . 8 0 + + + +

b 3 4 3 5 . 5 7 + + + +
0 . 8 b, 1 2 9 . 3 7 5 9 8 . 7 8 + + +
0 . 5 b2 1 1 3 . 7 8 4 5 4 . 5 2 + + +

b3 1 0 3 . 9 3 3 3 3 . 8 6 6 8 0 . 6 4 + +
0 . 9 b, + + + +
0 . 0 b2 + + + +

b3 + + + +
0 . 9 bi + + + +
0 . 5 b2 + + + +

b 3 9 8 1 . 4 9 + + +
0 . 9 5 b, + + +
0 . 0 b2 + + +

b3 + + +
0 . 9 5 b, + + +
0 . 5 b2 + + +

b3 + + +

Note: (+ )  >  1000.
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Table 4.3.4 Monte Carlo Simulation on the t4 Test in Equation 4.3.2

<t>
e T

P
0 . 0 0 . 8 0 . 9 0 . 9 5 0 . 9 9 1 . 0

57. 107. 57. 107. 57. 107. 57. 107. 57. 107. 57. 10%
0 .0
0 .0

1 0 0
3 0 0
5 0 0

5 . 5  9 . 4  
5 . 7  1 0 . 9  
4 . 4  8 . 6

1 1 . 7  2 0 . 0  
7 . 3  1 4 . 5  
7 . 6  1 4 . 5

1 9 . 3  3 0 . 7  
9 . 7  2 0 . 2  
6 . 4  1 3 . 1

3 3 . 5  4 6 . 5
2 2 . 6  3 4 . 7  
1 5 . 4  2 5 . 0

4 7 . 7  5 8 . 9
5 8 . 1  6 5 . 7
6 3 . 1  7 1 . 4

4 9 . 7  5 9 . 5
6 5 . 3  7 2 . 9
7 2 . 3  7 8 . 8

0 . 0
0 . 5

1 0 0
3 0 0
5 0 0

4 . 0  7 . 8  
4 . 5  9 . 3
5 . 1  9 . 0

8 . 5  1 5 . 8  
6 . 8  1 2 . 9
4 . 5  1 0 . 9

1 0 . 9  1 9 . 4  
7 . 0  1 3 . 1  
6 . 5  1 3 . 1

2 3 . 4  3 2 . 5  
1 1 . 3  1 9 . 9  

9 . 6  1 6 . 0

3 0 . 6  4 2 .1
3 4 . 6  4 4 . 2  
3 1 . 2  4 3 . 6

3 3 . 2  4 4 . 1  
4 2 . 0  5 1 . 8  
4 7 . 5  5 7 . 2

0 . 8
0 . 0

1 0 0
3 0 0
5 0 0

4 6 . 5  5 7 . 4  
2 5 . 1  3 7 . 2  
1 7 . 0  2 7 . 3

6 7 . 8  7 4 . 7  
5 3 . 4  6 2 . 9  
4 3 . 6  5 3 . 5

8 2 . 1  8 5 . 4  
7 4 . 9  7 9 . 4  
6 7 . 7  7 5 . 1

8 5 . 6  8 9 . 4
9 1 . 7  9 3 . 6
9 4 . 7  9 6 . 3

3 6 . 8  8 9 . 0  
9 3 . 5  9 5 . 5  
9 5 . 4  9 7 . 0

0 . 8
0 . 5

1 0 0
3 0 0
5 0 0

2 4 . 9  3 5 . 6  
1 2 . 6  2 3 . 9  

9 . 8  1 9 . 3

5 3 . 8  6 3 . 4  
3 2 . 4  4 4 . 7  
2 4 . 3  3 7 . 6

6 5 . 9  7 3 . 2  
6 2 . 8  6 9 . 7  
5 3 . 4  6 2 . 4

7 5 . 9  8 1 . 1
8 5 . 2  8 8 . 8
8 9 . 2  9 1 . 7

7 7 . 8  8 3 . 4  
3 8 . 7  9 0 . 6  
9 2 . 3  9 3 . 7

0 . 9
0 . 0

1 0 0
3 0 0
5 0 0

8 1 . 8  8 5 . 8  
7 5 . 4  8 0 . 3  
6 8 . 3  7 3 . 7

9 0 . 5  9 2 . 4  
8 9 . 0  9 1 . 5
8 3 . 5  8 7 . 5

9 2 . 7  9 4 . 7
9 5 . 6  9 6 . 4
9 6 . 7  9 7 . 1

9 4 . 0  9 5 . 2  
9 7 . 6  9 8 . 4  
9 7 . 5  9 8 . 2

0 . 9
0 . 5

1 0 0
3 0 0
5 0 0

7 1 . 6  7 6 . 3
5 9 . 7  6 7 . 5  
5 0 . 5  5 9 . 2

8 4 . 8  8 7 . 5
8 1 . 9  8 6 . 1  
7 9 . 5  8 4 . 5

8 7 . 7  9 0 . 2  
9 4 . 3  9 5 . 3  
9 6 . 6  9 7 . 6

3 9 . 2  9 1 . 5  
9 5 . 9  9 6 . 8  
9 7 . 0  9 7 . 5

0 . 9 5
0 . 0

1 0 0
3 0 0
5 0 0

9 4 . 2  9 5 . 2
9 3 . 8  9 4 . 9
9 3 . 8  9 5 . 1

9 6 . 1  9 7 . 3
9 7 . 4  9 8 . 0
9 8 . 4  9 8 . 4

9 6 . 8  9 7 . 8
9 8 . 9  9 9 . 2  
9 8 . 7  9 9 . 0

0 . 9 5
0 . 5

1 0 0
3 0 0
5 0 0

8 8 . 4  9 0 . 8  
9 2 . 2  9 3 . 9  
9 1 . 6  9 3 . 6

9 4 . 4  9 5 . 8
9 7 . 6  9 8 . 2
9 7 . 6  9 8 . 6

9 3 . 6  9 5 . 4  
9 8 . 1  9 8 . 3  
9 8 . 9  9 9 . 1
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C H A PT E R  5

A TRA N SFO RM A TIO N  OF TH E D IC K EY -FU LLER T E S T  
W ITH O U T ESTIM ATING TH E LONG RUN VARIANCE

5.1. In troduction

Dickey and  Fuller (1979, 1981) proposed th e  first class o f sta tistica l tests for u n it root, 

b u t the  form  o f the  tests depends on the short run dynam ics of the series. Phillips (1987), and 

P hillips and  Perron (1988) non param etrically corrected the D ickey-Fuller tests  such th a t  the 

resulting  te s t s ta tis tics  are invariant to  the short run dynam ics, yet the asym pto tic  d istribu tions 

o f the  te sts  are th e  sam e as those of the original D ickey-Fuller tests.

B ut the nonparam etric correction requires the estim ate o f the long run  variance of the 

series, which often needs prudent choice of lag truncation  or bandw idth  param eters. Such an 

es tim ate  often behaves very badly in finite sam ples. D ifferent choices of the trunca tion  lag 

could lead to  contrad ictory  outcom e of the tests, m aking inference difficult.

In this chapter, we show th a t there is a  sim ple transform ation  of the  Phiilips-Perron 

tests th a t  is invarian t to  the long run variance param eter; therefore, its  estim ate is not 

necessary. T he asym pto tic  d istributions of the new test s ta tis tics  are tabu la ted  by sim ulation. 

T he fin ite sam ple properties of the new tests are investigated by sim ulation, and com parison is 

m ade w ith  the Phillips (1987) and Phillips and Perron (1988) tests. All proofs in Sections 5.2.2 

and  5.2.3 can be derived from those of Phillips (1987) and Phillips and P erron (1988), or from 

Bierens (1992b), and therefore are om itted .
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5.2 The Phillips and Phillins-Perron Transformation of the Dir.h-ev-Fuller Statistic

5.2.1 T he  T est

G iven a  tim e series Yt , assum ing th a t its determ inistic com ponent can  be represented by 

f ( t /T )b , then we have,

(5.2.1) (l-pL )(Y t- f( t/T )b )  =  ut ,

where u t is assum ed to  satisfy A ssum ption 2.2.1. For |p | <  1, Y t is s ta tio n a ry  around  the 

determ inistic trend  f ( t /T )b .  Recall the regression equation  in Section 2.4,

(5.2.2) X, =  f ( t/T )b  +  pX t. ,  +  ut .

Let p be the OLS es tim ate  of p. The asym ptotic d is tribu tion  of T (p - l)  under un it roo t is given 

by Theorem  2.4.1, which is partly  reproduced as follows.

Theorem  5.2.1

(i) Under H0, T (p - l)  =* [ J W 'd W  +  A] /  JW * 2;

(ii) under H j, (p-1) -£* - ( l-p “ ) < 0:

where A, a 2, tr2 and W* are as defined in Theorem  2.4.1, p* =  E (Y jY ^ j) /E (Y J2),

Y* =  Yt-f( t/T )b .

T h e  asym pto tic  d istribu tion  under H0 involves A which depends on the unknown cum ulated  

short run  dynam ics through the long run variance a 2. Note th a t  th e  first p a r t  of the 

d istribu tion ,

J W d W / J W * 2

is free of nuisance param eters and is tabu la ted  in Fuller (1976). Phillips (1987) and  Phillips and
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Perron (1988) corrected the d istribu tions for the second part, A /J W * 2, nonparam etrically . 

T heir te s t s ta tistics are,

(5.2.3) Z =  T (p - l)  -  i ( * 2-o 2) /T -2ET=2y-2

where y j  is an es tim ate  o f Y*, usually by detrend ing  using OLS, and  a 2 and &2 are  consistent 

estim ates of a 2 and  respectively. Under H j, the  detrending by OLS is consistent.

C onsistent estim ation  of <r2 is easy, bu t consisten t es tim ation  o f a 2 is m ore involved. O ne 

popular consistent es tim ato r is the  Newey and  W est (1987) es tim ato r, also known as the  

B a rtle tt es tim ato r. If  <r2 and  a 2 a re  es tim ated  using th e  OLS residuals, as recom m ended by 

Phillips (1987), then the estim ates are also consistent under the alternative . T he  asym pto tic  

d is tribu tion  of the Z test are sum m arized below.

Theorem  5.2.2

(i) Under H0, Z =» J W ‘d W / J  W*2;

(ii) under H1, Z /T  £  - (1 - p ' ) - \ W \ - a \ , ) l a 2,  <  0;

where <t \  =  lim T ^ E I S ^ , , ! ,  J 2, cr2.  =  lim T l S j=1E (u2,) ,  u t ,  =  Y* - p"Y * x,

<r2,  =  lim  T"1E ^ 1Ey2,.

Therefore the  Z te st is consistent. B ut in finite sam ples, a 2 could behave badly relative to  its 

asym pto tic  d istribu tion . T ab le  5.2.1 presents sim ulation  results for the  Newey-W est (1987) 

es tim ato r for som e sim ple ARMA models. In all cases except p  =  0 and p  =  0.8, 6 =  0.5, £  is a  

substan tia l underestim ate of a 2. Because for som e o f the  ARMA models th e  autocovariance 

does not die ou t quickly enough, the lag trunca tion  (m ) in the Newey-W est (1987) estim ato r 

cu ts off too m uch autocovariance a t  high lags. If <r2 is underestim ated, then the  correction te rm  

in the Phillips-Perron type of test is underestim ated , so algebraically Z /T  is overestim ated, 

resulting in lower power.
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5.2.2 Simulation Results

For com parison w ith the tests to  be developed la ter in th is chapter, we study  the  finite 

sam ple properties of the  Phillips (1987) and Phillips and Perron (1988) tests w ith M onte Carlo 

sim ulation . T h e  results are reported in Table 5.2.2. T he sim ulation  evidence agrees broadly 

w ith  the  evidence in the literature , cf. Phillips and Perron (1988) and Schwert (1989). Namely, 

th e  power o f  the  Z test is fairly good, and  the size of the test is close to  the nom inal size except 

for the  case o f 6 =  0.5. W hen 6 =  0.5, the moving average polynom ial partia lly  neutralizes the 

u n it root, m aking  the  series appear sta tionary . Therefore, th e  null of un it root is rejected m ore 

often  th an  th e  nom inal size suggests.

5.3 An A lternative T ransform ation  of the Dickev-Fuller S ta tistic

5.3.1 T he  T est

It tu rn s  ou t th a t there is an alternative transform ation  of the D ickey-Fuller sta tis tic  

T (p - l)  th a t  does not need the estim ate a 1. Since JW d W  =  (1 /2 )(W 2(1)-1), cf. Phillips (1987) 

o r Bierens (1992b), rew rite the asym pto tic d istribution  of Theorem  5.2.1 (i) as,

[(1 /2) W 2( 1)-»,]/ J W 2 -  ( 1/2)<t2/[<72 J W 2].

T hen  under H0 th e  second part can be consistently estim ated  by (l/2)<72/T ‘2£ ^_ 2yt-2r  

Therefore define the new class of test sta tistics as,

(5.3.1) Q =  T(p-l)-4*2/ r 2sT jy -2 .

I ts  asym pto tic  d is tribu tion  is given in Theorem  5.3.1.

Theorem  5.3.1

(i) Under H0, Q  => [±W2(1) - ij] / J  W*2(r)dr =  D;

(ii) under H j, Q /T  — - (1-p") + ( l/2 )ff2./c r2..
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Therefore our new test is also consistent a t  ra te  T. B ut it does not need the  estim ate of the long 

run variance a 1. U nder H j, it approaches negative infinity. Following the convention in the 

litera tu re , for the cases of nointercept, only an intercept, and a  linear trend , the  asym ptotic 

d istribu tions under H0 are denoted as D, and Dr  respectively; the Phillips and Phillips and 

Perron tests are  denoted  as Z, Z(1 and Zr  respectively; and the  new tests  are denoted  as Q, 

and Q t  respectively. T he asym ptotic distributions under H0 are calculated  by sim ulation , and 

reported in T ables 5.3.1. In particular, the (1%, 5%, 10%) critical values are,

(0.00, 0.01, 0.05) for Q, (-4.39, -2.73, -1.95) for and (-4.97, -3.06, -2.18) for Q r .

T he fact th a t  Z /T  asym ptotically  is more negative than  Q /T  under H x does not 

necessarily mean th a t  Z is more powerful, because the en tire  null d istribu tion  for Z lies to  the 

left o f th a t  for Q. A more negative test sta tistic  for Z has to  be com pared aga inst a  m ore 

negative critical value. A sym ptotically, (Q - Z )/T  ■£. ( l /2 ) (o ’2 /<ry .)  under H j. T hus the 

difference depends on the variance ratio  which has nothing to  do w ith the first order 

au tocorre la tion  coefficient of Y t. T he larger is the variance ra tio  (o-^/ffy,), th e  m ore powerful is 

the Z test. B ut the  larger <r2 is, the more difficult it is to  es tim ate  <r2.

5.3.2 S im ulation Results

For p  =  1, the Q test is sensitive to  sta rting  value while the Phillips Z test is not. For 

exam ple, separate sim ulation  shows th a t, w ith 0 =  0 and  a  s ta rtin g  value of zero, the Q  test 

rejects th e  null of u n it root 7.2% (a t 5%) and 12.0% (a t 10%); w ith 0 =  0 an d  a  random  

sta rtin g  value from  N(0, 20), i. e. a  20-step random  walk, the  Q test rejects the null 17.7% (a t 

5%) an d  20.7% (a t 10%). T he Phillips Z test is robust to  the  s ta rtin g  value. I t rejects 5% (a t 

5%) and  10.2% (a t 10%) w ith a  sta rting  value zero, and  rejects 4.5% (a t 5%) and  9.3% (a t 10 

%) respectively. T he reason may Ire th a t for the Q test, the critical values are confined to  a  

very sm all interval; a  sm all disturbance in the s ta rting  value m ay result in a  large change in the 

te st s ta tis tic  relative to  the critical values. For the Z test, such is not the  case. T able 5.3.2
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reports the  fin ite sam ple perform ance of our new tests Q in com parison w ith the Z class o f tests.

For our tests, the size is close to  the nom inal size except for 6 =  0.5, b u t the  and  Q r  

te sts  do  no t have any power for p  >  0.9. T h is can be explained by asym ptotics under the  

a lte rn a tiv e  of s ta tio n arity . T ab le  5.3.3 presents som e results on the  causes o f  weak power. I t  is 

true  th a t  asym pto tically  both the Z test and the Q test approach  negative infinity . B u t 

depending on the autocorrelation  s tru c tu re  of the tim e series under study , it m ay take a  huge 

num ber o f  observations for the asym pto tics to work.

F or exam ple, for (p, 6) =  (0.9, 0), p lim JQ ^/T ) =  -0.005, T  • p lim (Q <i/T )  =  -1.5 for T  =  

300 which roughly equals the  14% critical value. In order to  reject the  null a t  5%, it is required 

th a t  T  >  547. For (p, 6) =  (0.9, -0.5). plim (Q #1/T )  =  -0.0016, T  • p lim (Q #1/T )  =  -0.47 for T  =  

300. In order to  reject the null a t  5%, it is required th a t T  >  1755. T h e  num bers a re  even m ore 

d ram a tic  for p =  0.95 and Q T. See T ables 5.3.3b and 5.3.3c.

T he  existence of (low) power in the sim ulation reported in T ables 5.3.2b. and  5.3.2c is 

th e  result o f  (fo rtunate) underestim ation of p and  <7^,. In sim ulation  w ith 1000 replications, for 

(p, 9) =  (0.95, -0.5), the m ean of p is 0.964, and p^ is sm aller th a n  its  p robability  lim it p„ (=  

0.97) in 70% of the replications. For the sam e sim ulation , the m ean o f  is 19.632, and  a r ^  is 

sm aller th a n  its  probability  lim it of c r ^  (=  22.56) in 71 % of the replications. B ut the  net effect 

o f the  tw o sources of the underestim ation is the  underestim ation  o f  the test s ta tistic , which 

results in the  existence of (low) power for the test.

In con trast to  the  test, the result in T ab le  5 .2.2b for th e  Phillips-Perron test Zp  is 

m uch b e tte r. Therefore it seems th a t the additional correction te rm  in Phillips and Perron te st 

helps to  differentiate the alternative  from the null. T he reason th a t  th e  Phillips and  P erron te st 

perform s b e tte r  is th a t the  additional correction term  drives the p lim (Z /T ) further away from  

zero. T he  te st s ta tistic , which asym ptotically  is the product o f p lim (Z /T ) and T , is m uch 

further aw ay from zero than  the Q test.

118

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



www.manaraa.com

5.4 T ransfo rm ations of Q  with Ini m oved Power

5.4.1 T he  T est

T he  problem  with the Q test in Section 5.3 is th a t a lthough  Q diverges to  negative 

infinity  asym pto tically , the probability  lim it of Q /T  is too  sm all in absolute value. If  we can 

find a  random  variable AT such th a t,

(5 .4 .1a) At  - 1 =  op( l )  under H0,

(5.4.1b) At  =  op( l )  and AT >  0 a. s. under H x,

then  Q /A t  is also a  consistent test. T he new test Q /A T has th e  sam e asym pto tic  d istribu tion  

as Q  under the  null. However the new test Q/A-j. is m ore powerful since it diverges to  negative 

infinity  a t  a  faster ra te . One choice of AT can be derived from th e  following theorem .

Theorem  5.4.1 Let p be as defined in Section 5.2. then

(i) under H0, T  • ln (|p |)  has the sam e asym pto tic d istribu tion  as T (p - l) ;

(ii) under H j, T  • ln ( |p |)  -£* -oo.

Proof: (i) T - ln (jp |) can be rew ritten as,

(5.4.2) T • ln ( |p |)  =  T • [ln (|p |)/ln (p )] ln ( l+ p - l )

=  T (p - l)  • [ ln ( |p |) /ln (p ) ][ ln ( l+ p - l) / (p - l) ] .

Since p  1, P (p > 0 )  —* 1, th a t  is, P (p  =  |p |) — 1. So

(5.4.3) ln ( |p |) /in (p )  ^  1.

Since p-1 =  Op( T 1),

(5.4.4) ln ( l+ p - l ) / ( p - l )  i  1.

T he  desired resu lt follows im m ediately from results (5 .4 .2)-(5.4.4).
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(ii) By Theorem 5.2.1 (ii),

P  ~  P" < 1,

so

Ip I -  | p ‘ l <  1,  Iu ( I p I) -  l n ( | p * | )  <  0 .

T h e  desired resu lt follows trivially . O

T h e reason th a t  the absolute value o f p  is taken is th a t p  m ay be negative for som e d a ta  

generating  processes, for exam ple, when the series o f in terest Y t is an A R(1) process w ith a  

negative autoregressive param eter. It is easy to see from the above theorem  th a t,

(5 .4 .5a) |p |T => eD under H0,

(5.4.5b) |p |T — 0 under H j.

Let At  =  |p |T>7, 77 €  (0,1). Then ln(AT ) =  T ^ '^ T • ln (|p |)]. I t  is triv ia l th a t,

(5 .4 .6a) ln(AT ) =  C y T ”-1) under H0,

(5.4.6b) ln(A T ) =  Op(T ’') and ln(A T) £  -0 0 .

T herefore 5 .4 .1a and  5.4.1b hold. T he choice of 77 controls the  trade-off between the  size 

d is to rtion  under the null and the im provem ent in the power under the a lternative . T he sm aller 

»7 is, the  faste r does ln (A ^) in 5.4.6a converge to 0, the faster does AT converge to  1 under H0. 

T h e  larger 77 is, the  faster the ln(AT ) in 5.4.6b diverges to  negative infinity , the faster AT 

converges to  zero.

5.4.2 S im ulation  Results

In the  sim ulation , we set 77 =  0.5. For the case of the regression equation  having an  

in tercep t, T ab le  5.4.1 sum m arizes the em pirical d istribu tion  of | p | ^  under H0 whose probability
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lim it is 1. T ables 5.4.2 contains results on the size and power of the  im proved Q test. W e see 

th a t  the  power o f the test indeed improves dram atically , bu t a t  the cost o f  slightly larger size 

d isto rtion . However the trade-off between im proved power and  slightly larger size distortion  

does seem to  be a  favorable one.

5.5 S um m ary  and Conclusion

T he class o f tests for u n it root proposed by Phillips an d  coauthors requires the 

estim ation  o f the long run variance, the estim ate of which may not behave well in finite 

sam ples. In th is  chapter, we propose another transform ation  o f the  Dickey-Fuller te s t sta tistic  

th a t does n o t require the estim ation  of the long run variance. T he  critical values o f the new 

tests a re  calculated  by sim ulation . Sim ulation shows th a t the size o f the new test is close to  the 

nom inal size, bu t the power of the new test is substan tia lly  lower th a n  th a t  of the Phillips and 

Perron test due to  the  way the new test is constructed. In sum m ary , the new transform ation  of 

the  D ickey-Fuller test s ta tistics is no t very successful. Finally a  transfo rm ation  of the Q test is 

suggested, w ith  the new test a  significant im provem ent on the Q  test.
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Table 5.2.1. Monte Carlo Simulation 011 the Newey-West Estimator

e m P
0 .0 0 0 .8 0 0 .9 0 0 . 9 5

2 0 .9 9 6 . 6 0 1 3 .4 3 2 5 .8 1
0 . 0 8 0 .9 7 1 3 .2 6 3 2 .3 7 6 8 .4 7

16 0 .9 4 1 6 .6 3 4 7 .4 3 1 1 1 .2 0
00 1 .0 0 2 5 .0 0 1 0 0 .0 0 4 0 0 .0 0
2 0 .5 9 2 .1 2 3 . 8 6 6 .8 7

0 . 5 8 0 .3 6 3 .6 4 8 .5 0 1 7 .3 2
16 0 .3 0 4 . 4 2 1 2 .1 6 2 7 .6 7

00 0 .2 5 6 .2 5 2 5 .0 0 1 0 0 .0 0
2 1 .8 8 1 4 .5 7 2 9 .8 2 5 7 .5 8

- 0 . 5 8 2 . 0 6 3 0 .1 0 7 2 .5 2 1 5 0 .7 8
16 2 .0 6 3 8 .3 5 1 0 6 .0 4 2 4 4 .7 4

00 2 .2 5 5 6 .2 5 2 2 5 .0 0 9 0 0 .0 0

Note: T he  Newey-W est estim ate of <r2 is calculated as,

* 2 =  Sj= .l(m.i)k O /m ) ^ =j+1yly t_j .

For consistency of a 2, it is required th a t, m — -do and  m =  o(^jT), cf. Andrews (1991), Theorem  

1(a) and  Bierens (1992b). T he row for 111 =  00  is the true  value o f <r2, being included only for 

ccm parison. T he sim ulation  is based 011 1000 replications of the d a ta  generating process,

(1-pL) yt =  (l-0L )u t , u, ~  N11D(0, 1), t  =  1, 2, •••, T , T  =  320,

w ith s ta rtin g  value zero. T he first 20 values of y t are discarded. T he  num bers in  the  tab le are 

sam ple averages across 1000 replications.
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Table 5.2.2. Monte Carlo Simulation on Z Test

A. T he Z T est

P
e m 0 . 0 0 . 8 0 . 9 0 . 9 5 1 . 0

57. 107. 57. 107. 57. 107. 57. 107. 57. 107.
0 .0 0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 7 .1 1 0 0 .0 4 . 9 1 0 .4

2 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 6 . 5 9 9 . 9 5 . 1 1 0 .3
4 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 6 . 4 9 9 . 9 5 . 1 1 0 .3
8 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 5 . 6 9 9 . 8 5 . 4 1 1 .1

16 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 5 . 3 9 9 . 5 6 . 0 1 1 .4
0 . 5 2 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 2 5 . 6 3 4 .1

4 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 6 . 5 9 9 . 9 2 2 . 8 3 1 . 0
8 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 2 4 . 2 3 1 . 6

16 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 3 0 . 0 3 6 . 4
- 0 . 5 2 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 1 . 4 9 8 . 4 2 . 8 7 . 4

4 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 1 . 8 9 8 . 6 3 . 7 7 . 8
8 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 0 . 6 9 8 . 5 3 . 9 7 . 9

16 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 8 6 . 7 9 8 . 0 3 . 6 7 . 3
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B. The Test

P
e m 0 . 0 0 .8 0 .9 0 .9 5 1 . 0

57. 107. 57. 107. 57. i"07. 57. 107. 5fc 107.
0 .0 0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 7 5 .1 8 8 . 5 6 . 2 1 0 .9

2 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 7 5 .1 8 9 . 4 6 . 1 1 0 .9
4 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 9 . 9 1 0 0 .0 7 5 . 7 8 9 .1 6 . 4 1 0 .9
8 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 9 . 9 1 0 0 .0 7 5 .7 8 9 . 4 6 . 4 1 2 .0

16 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 9 . 9 1 0 0 .0 7 7 . 4 9 0 . 4 7 . 0 1 2 .5
0 . 5 2 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 3 8 . 7 4 9 .1

4 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 3 7 . 7 7 5 .0
8 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 4 0 . 8 4 8 . 9

16 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 5 0 . 2 5 8 .0
- 0 . 5 2 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 9 . 3 1 0 0 .0 5 9 . 0 7 8 . 6 2 . 6 6 . 5

4 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 9 . 4 1 0 0 .0 6 1 . 6 8 1 .4 3 . 1 7 . 5
8 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 8 . 9 1 0 0 .0 5 9 .7 8 0 . 8 3 . 0 7 . 8

16 1 0 0 .0 1 0 0 .0 1 0 0 .0 1 0 0 .0 9 7 . 0 9 9 .6 5 0 . 5 7 5 .1 2 . 6 8 . 0
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C. The ZT Test

P
9 m 0 . 0 0 . 8 0 . 9 0 9 5 1 . 0

5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
0 . 0 0 10 0 0 100 .0 100 .0 100 0 97 9 9 9 . 7 4 1 . 5 6 3 .6 5 . 7 1 0 .8

2 100 0 100 .0 100 .0 100 0 97 8 9 9 . 7 4 3 . 7 6 5 .5 6 . 6 1 1 .1
4 1 00 0 100 .0 100 .0 100 0 97 8 9 9 7 4 6 . 5 6 5 .8 6 . 7 1 2 .0
8 100 0 100 .0 1 00 .0 100 0 97 7 9 9 7 4 9 . 4 6 6 .2 6 . 6 1 3 .0

16 1 0 0 0 100 .0 100 .0 100 0 98 6 9 9 7 4 9 . 6 6 8 .2 7 . 3 1 3 .3
0 . 5 2 1 0 0 0 100 .0 100 .0 100 0 100 0 100 0 9 9 . 8 9 9 .9 6 1 .5 7 0 . 5

4 100 0 100 .0 100 .0 100 0 100 0 100 0 9 9 . 8 9 9 .9 6 1 . 6 6 9 . 9
8 1 0 0 0 100 .0 100 .0 100 0 100 .0 100 0 9 9 . 9 1 0 0 .0 6 7 . 9 7 4 .6

16 100 0 100 .0 100 .0 100 0 100 .0 100 0 1 0 0 .0 1 0 0 .0 7 8 .5 8 3 .8
- 0 . 5 2 1 00 0 100 .0 100 .0 100 0 8 3 .5 9 5 7 2 4 . 4 4 1 . 5 2 . 1 4 . 5

4 1 0 0 .0 100 .0 100 .0 100 0 8 6 .7 9 6 3 2 6 . 9 4 5 . 7 2 . 7 5 . 4
8 1 0 0 .0 100 .0 100 .0 100 .0 8 2 .0 9 4 3 2 4 . 7 4 4 . 7 2 . 5 5 . 3

16 100 .0 100 .0 99 . 7 to o .0 61 .0 8 6 8 1 2 .6 3 3 . 2 1 .1 4 . 0

T he sim ulation  is based 011 100U replications of the following D G P,

(1-pL)  y t =  ( l-0L )u t , u, ~  N1ID(0, 1), t  =  1, 2, • • •, T , T  =  300.

T he long run variance es tim ato r is the Newey-W est (1987) estim ato r using OLS residuals.
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Table 5.3.1. Simulated Critical Values

A. The D istribution D 

a  =  P (D  <  q)

o*100 q u*100 q
0  ( m in ) 0 .000 1 0 0  (m a x ) 8 .0 4 8
1 0 .0 0 1 9 9 4 . 2 2 6
2 0 .0 0 2 98 3 .5 9 5
3 0 .0 0 5 97 3 .2 5 0
4 0 .0 0 8 96 2 . 9 8 6
5 0 .0 1 2 9 5 2 . 2 9 6
6 0 .0 1 7 94 2 .6 5 1
7 0 .0 2 5 93 2 . 5 3 2
8 0 .0 3 2 92 2 . 4 2 3
9 0 .0 4 1 91 2 .3 1 5

10 0 .0 5 0 9 0 2 .2 1 7
15 0 .  106 8 5 1 .8 5 3
20 0 .1 8 7 8 0 1 .6 1 8
30 0 .3 6 8 70 1 .2 7 1
40 0 .5 7 5 60 1 .0 1 1
50 0 .7 8 7 50 0 .7 8 7

B. T he D istribution D^ 
o  =  P (D M< q )

o*100 q o*100 q
7 .9 9 9  
4 . 4 3 8  
3 . 6 5 5  
3 .2 6 7  
2 .9 1 9  
2 . 7 0 0  
2 . 5 2 9  
2 .3 5 7  
2 .2 0 9  
2 . 0 8 6  
1 .9 8 9  
1 .5 2 7  
1 .1 8 5  
0 .6 6 1  
0 . 2 7 0  
0.001
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0  (m in ) - 8 .9 0 8 100
1 - 4 .3 9 4 9 9
2 - 3 .6 7 0 9 8
3 - 3 .2 4 7 97
4 - 2 .9 3 8 9 6
5 - 2 .7 3 3 95
6 - 2 .5 5 2 94
7 - 2 .3 7 6 93
8 - 2 .2 0 4 92
9 - 2 .0 6 8 91

10 - 1 .9 5 0 90
15 - 1 .4 7 0 8 5
20 - 1 .1 2 2 8 0
30 - 0 .6 2 3 70
4 0 - 0 .2 5 5 6 0
50 0 .0 0 1 5 0
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C. T he D istribution Dr  

a  =  P (D r  <  q)

a*100 q a*100 q
0  ( m in ) - 1 2 .0 7 8 1 0 0  (m ax ) 1 0 .2 4 7
1 -  4 .9 7 3 9 9 4 . 8 1 3
2 -  4 .0 9 1 9 8 4 . 0 8 6
3 -  3 .6 6 8 9 7 3 . 6 4 6
4 -  3 .3 7 0 9 6 3 . 3 1 3
5 -  3 .0 5 5 9 5 2 .9 8 7
6 -  2 .8 1 6 9 4 2 . 7 5 5
7 -  2 .6 2 7 9 3 2 .5 4 6
8 -  2 .4 5 4 9 2 2 . 3 7 6
9 -  2 .3 1 0 91 2 . 2 1 5

10 -  2 .1 7 9 9 0 2 . 0 8 6
15 -  1 .5 5 3 8 5 1 .5 6 0
2 0 -  1 .1 6 1 8 0 1 .1 6 2
3 0 -  0 .5 7 4 70 0 .6 3 1
4 0 -  0 .2 0 4 60 0 .2 5 1
5 0 0 .0 1 0 5 0 0 .0 1 0

T he sim ulation  is based on 10000 replications of sam ples of 1000 observations.
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Table 5.3.2. Monte Carlo Simulation on the Q Test

A. The Q T est

9 P
0 . 0 0 0 . 8 0 0 .9 0 0 . 9 5 1 . 0 0

5% 10% 5% 10% 5% 10% 5% 10% 5% 1 0 %
0 . 0 1 0 0 . 0  1 0 0 . 0 9 9 . 8  9 9 . 8 9 3 . 9  9 4 .2 7 3 . 5  7 5 .5 7 . 7 1 2 . 6
0 . 5 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 9 9 . 9  9 9 .9 2 5 . 9 2 7 .1

- 0 . 5 1 0 0 . 0  1 0 0 . 0 9 5 . 6  9 5 . 9 7 7 . 8  7 8 .2 5 8 . 4  6 1 .1 5 . 1 1 0 .5

B. The T est

9 P
0 . 0 0 0 . 8 0 0 .9 0 0 . 9 5 1 . 0 0

5% 10% 5% 10% 5% 10% 5% 10% 5% 1 0 %
0 . 0 1 0 0 . 0  1 0 0 . 0 9 7 . 2  9 9 . 2 2 5 .1  4 1 . 3 5 . 0  9 . 7 5 . 6 1 1 . 8
0 . 5 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 9 6 . 7  9 8 . 2 2 0 . 5 2 9 . 5

- 0 . 5 1 0 0 . 0  1 0 0 . 0 2 6 . 6  4 8 . 4 2 . 8  7 . 9 2 . 0  5 .1 5 . 1 1 1 .5

C. The Q t T est

9 P
0 . 0 0 0 . 8 0 0 .9 0 0 . 9 5 1 . 0 0

5% 10% 5% 10% 5% 10% 5% 10% 5% 1 0 %
0 . 0 1 0 0 . 0  1 0 0 . 0 9 6 .7  9 8 . 9 2 5 . 0  4 4 . 0 5 . 8  1 2 .9 5 . 8 1 0 . 0

0 . 5 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 9 7 . 6  9 8 . 6 4 9 . 8 6 1 . 2
- 0 . 5 1 0 0 . 0  1 0 0 . 0 2 1 . 8  4 6 . 3 2 . 2  8 . 2 1 . 7  4 . 0 5 . 2 1 0 . 2
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Table 5.3.3. The Asymptotics for the Power of the Z and Q Tests

A. - p lim (Z /T ) and - p lim (Q /T )

e P
0 . 0 0 0 . 8 0 0 . 9 0 0 .9 5

z Q Z Q Z Q Z Q
0 . 0 1 . 0 0 0 0 .5 0 0 0 . 2 0 0 0 . 0 2 0 0 . 1 0 0 0 .0 0 5 0 .0 5 0 0 . 0 0 1
0 . 5 0 .5 0 4 0 . 1 8 0 0 .0 6 8 0 .0 0 6 0 .0 3 3 0 . 0 0 2 0 .0 1 6 0 . 0 0 0

- 0 . 5 1 .1 7 6 0 . 9 8 0 1 .0 8 0 0 .1 8 0 1 .0 0 5 0 .0 6 9 0 .7 5 6 0 . 0 0 2

Note: T he num bers in the  tab le  are the  probability  lim it of Q /T  and Z /T . T he  m inus sign is 

o m itted  for sim plicity.

B. M inim um  N um ber of O bservations a t  which 

the and test Are Significant a t  5 %

0 P
0 . 0 0 0 80 0 . 9 0 0 .9 5

z „ Q „ Z,r Q „ Z„ Q.i z „ Q,.
0 . 0 15 6 7 2 137 143 5 4 7 2 8 5 2 1 8 7
0 . 5 13 3 14 16 15 4 0 19 1 2 2

- 0 . 5 2 9 16 2 0 8 4 3 5 4 3 8 1 7 5 5 8 9 9 7 0 5 2

T he num bers in the tab le are  calculated  as [5% critical v a lu e /P lim ]+ l, where plim  is from  the 

previous table.
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C. M inim um  Number of O bservations a t which 

the Zr  and  Q r  test Are Significant a t  5 %

e P
0 . 0 0 0 .8 0 0 .9 0 0 . 9 5

z « Q« z„ Q„ Z« Qu z„ Q„
0 . 0 2 2 7 10 8 153 2 1 5 6 1 2 4 3 0 2 4 4 5
0 . 5 19 4 2 0 17 2 2 4 5 2 9 136

- 0 . 5 4 3 17 3 1 4 4 8 6 661 1 9 6 2 1 3 5 5 7 8 8 4

T he num bers in the tab le are calculated as [5% critical v a lu e /P lim ]+ l, where plim  is from the 

previous table.

T able 5.4.1 T he Em pirical D istribution  of | p | ^

prob 0 . 0 1 0 . 1 0 . 2 0 ,.3 0 . 4 0 . 5 0 . 6 0 ,.7 0 . 8 0 . 9 0 ,.9 9
value 0 .3 0 0 .5 4 0 . 6 3 0 .. 6 8 0 . 7 3 0 .7 7 0 . 8 2 0 ..8 5 0 . 9 0 0 . 9 5 1 ,.0 6

Note: T he  sim ulation  is based on 11)00 replications of the following d a ta  generating process, 

Yt =  Yt-i +  lli- ut ~  NIID(0, 1), t  =  1, 2, T ,

w ith Y0 =  0, T  =  300.
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Table 5.4.2. Monte Carlo Simulation on the Improved Q Test

A. T he Q T est

e p
0 . 0 0 0 .8 0 0 .9 0 0 . 9 5 1

oo

5fc 107. 5% 107. 57. 107. 57. 107. 57. 107.
0 . 0 1 0 0 . 0  1 0 0 . 0 9 9 . 8  9 9 . 8 9 3 . 9  9 3 . 9 7 3 . 0  7 3 . 9 7 . 5 1 1 . 8
0 . 5 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 9 9 . 9  9 9 . 9 2 5 . 7 2 6 . 4

- 0 . 5 1 0 0 . 0  1 0 0 . 0 9 5 . 6  9 5 . 6 7 7 . 3  7 7 . 8 5 8 . 0  5 9 . 7 4 . 9 9 . 9

B. T he T est

e p
0 . 0 0 0 .8 0 0 .9 0 0 . 9 5 1 . 0 0

57. 107. 57. 107. 57. 107. 57. 107. 57. 107.
0 . 0 1 0 0 . 0  1 0 0 . 0 9 9 . 8  9 9 . 8 8 6 . 4  8 9 . 3 3 4 . 2  4 2 . 9 1 3 .4 1 8 .7
0 . 5 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 9 9 . 9  9 9 . 9 4 8 . 9 5 2 . 8

- 0 . 5 1 0 0 . 0  1 0 0 . 0 9 2 . 3  9 3 .4 3 2 .1  4 3 . 6 1 0 .6  1 5 .0 1 0 . 6 1 5 .9

C. T he Q r  Test

9 P
0 . 0 0 0 .8 0 0 . 9 0 0 . 9 5 1 . 0 0

57. 107. 57. 107. 57. 107. 57. 107. 57. 107.
0 . 0 1 0 0 . 0  1 0 0 . 0 9 9 . 9  9 9 .9 8 8 . 2  9 0 . 9 4 2 . 2  5 0 . 2 1 6 .9 2 3 .8
0 . 5 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 1 0 0 . 0  1 0 0 . 0 8 0 . 7 8 2 .7

- 0 . 5 1 0 0 . 0  1 0 0 . 0 9 2 .4  9 4 . 4 3 4 .9  4 6 . 6 1 2 . 2  1 7 .7 1 3 . 0 1 9 .3

T he sim ulation is based on 1000 replications o f the following D G P, 

(1-pL) y t =  ( l-0 L )u t , u t ~  N1ID(0, 1), t  =  1, 2, •••, T , T  =  300.

T) in E quation  5.4.6 is set a t i] — 0.5.
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C H A P T E R  6

TR E N D , S TA T IO N A R IT Y  AND U N IT R O O TS 
IN M A CR O EC O N O M IC TIM E SERIES

6.1 In troduction

Nelson and  Plosser (1982) applied th e  Dickey-Fuller t  te s t to  14 annual U.S. 

m acroeconom ic tim e series; the null model o f un it root was rejected only for the  unem ploym ent 

series. Loosely speaking, the DF r  te s t “finds” u n it root in all m acroeconom ic tim e series except 

th e  unem ploym ent ra te . T h a t finding has been interpreted  as evidence supporting  the real 

business cycle theory  which argues th a t  the perm anen t technological shocks to  the  economy are 

the  driv ing force o f the  business cycles. However, s ta tistica lly  it can be tru e  th a t  the  null model 

o f u n it roo t was not rejected just because the test does not have enough power to  distinguish the  

null model from  the a lternative  m odel. T he Nelson-Plosser d a ta  set serves as an ideal 

laboratory  for con trasting  different un it root tests. Recently S chotm an an d  van Dijk (1991) 

extended th e  Nelson-Piosser d a ta  set up  to  1988 in studying the test for u n it roo t in a  Bayesian 

fram ew ork.

In th is  chapter, we apply the new tests developed in the  previous chapters to  the 

extended Nelson-Plosser d a ta  set and the P ost-W ar quarterly  real G D P series.

6.2 D escription of the D a ta

T h e  original Nelson-Plosser d a ta  set con tains 14 historical annua l m acroeconom ic tim e 

series. All series end a t  1970 with s ta rtin g  dates from  1860 to  1909. T h e  14 tim e series are, (1) 

real G N P, (2) nom inal G N P, (3) real p e r  cap ita  G N P, (4) industria l production, (5)
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em ploym ent, (6 ) unem ploy-m ent rate , (7) G N P deflator, (8 ) consum er price index, (9) nom inal 

wages, (10) real wages, (11) money stock. (12) velocity, (13) bond yield, and  (14) com m on stock 

prices. T he  extended d a ta  set ends a t 1988. We also analyze the  P ost-W ar quarterly  real G D P  

(in 1987 dollars) which is from  1947:1 to 1992:3. All o f the series except the bond yield are in 

logarithm s.

All of the series are p lotted in Figure 6.1. W e see th a t  all the series (except 

unem ploym ent ra te ) display strong trends (either linear or q u ad ra tic ), which makes unit root 

w ith d rift and  trend  sta tionarity  the interesting com peting hypotheses. For th is reason, a  linear 

trend is included as part of the null hypothesis for all the series except unem ploym ent. Only an 

in tercep t is included for the unem ploym ent series. T o  isolate the  effect of the new tests from  

th a t  o f  the  new observations, both the original Nelson-Plosser d a ta  set and  the extended d a ta  set 

will be used.

6.3 T esting  for Linear T rend S ta tionarity  and  Unit Root

T he  results of the trad itional un it root, tests on the extended Nelson-Plosser series are 

sum m arized in T ab le  6.3.1. As in m any o ther studies, the results can be sum m arized as follows:

(i) there is strong  evidence against unit roots in Industrial P roduction  (IP) and  Unem ploym ent 

R ate (U N EM P); (ii) there is some evidence against unit roots in Real G N P (R G N P), Per C ap ita  

Real G N P  (P C R G N P ), E m ploym ent (EM P); (iii) there is no evidence against un it roots in the  

rest o f the  series. T he three groups of series above will be called the  G roups (i), (ii) and (iii) 

series respectively in the following discussion.

T he  results using the CUSUM test, the F luctuation  test an d  the modified DF test are 

reported  in T ab le  6.3.2. T he results from the CUSUM and F luctua tion  tests can be sum m arized 

as follows: (i) there is strong evidence against linear trend  s ta tio n a rity  for th e  G roup (iii) series 

above; (ii) there is no evidence against linear trend s ta tio n a rity  for the  G roups (i) and  (ii) series
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above. T he  trad itional tests  for unit roots and our CUSUM tests  for sta tionarity  p a in t sim ilar 

pictures in term s o f evidence for and against s ta tio n a rity  (or u n it root). Note th a t th e  evidence 

aga inst linear trend  s ta tio n a rity  can be interpreted either as evidence for a  breaking trend  or as 

evidence for un it root.

However, the  modified DF test does not reject the null o f un it roo t for any  series, 

reflecting the weak power of the test.
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Figure 6.1 T he Extended Nelson-Plosser Economic T im e Series
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According to  our Cauchy tests in T ab le 6.3.3, the null model o f linear trend  s ta tio n arity  

is strongly  rejected for nom inal G N P (G N P ), C onsum er Prices (C P I) and Velocity (VEL), and 

m arg inally  rejected for G N P  D eflator (G N P D E F ) an d  S tock Prices (SP500). A fter applying 

th e  MA filter (1-0.5B), the  sta tionarity  o f G N P D E F  is no longer rejected. B ut the evidence 

aga inst s ta tio n a rity  rem ains strong for G N P, C PI and  VEL, and th a t  for SP500 still rem ains 

m arginal.

135

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



www.manaraa.com

WAGE

»o
II
co
TS

TO

93

CO
to o  w o  w o  t s n  StO 080

MONEY
CO

81

1*
t s n

RWAQE

4 2

3 2 '
30

n i l  1902 1933

VELOCITY

12

IfD

arc

DID
190B 1901 i94i  190 m  n o

Figure 6.1 C ontinued

Sum m arizing the results o f the tests  so far, there is strong  evidence aga inst linear trend  

s ta tio n a rity  (there  is no evidence aga inst the  un it root) for G roup (iii) series, b u t there is no 

evidence aga inst linear tren d  (there is som e or strong  evidence aga in st the u n it roo t) for th e  rest 

o f  th e  series.
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6.4. Breaking T rend  Analysis

T he  evidence against linear trend s ta tio n a rity  m ay be due to  either a  break in th e  linear 

trend , a  higher order trend , or a  u n it root. If the  rejection is due to  a  break in th e  trend , then 

after specifying the correct break in the trend , there should be no evidence against sta tionarity  

left in th e  series. If  the rejection is due to  a  unit root, then  evidence against s ta tio n a rity  should 

rem ain no m a tte r  w hat kind of break is specified. T he reason is th a t a  un it ro o t process is 

equivalent to  a  sta tionary  process w ith a break in each tim e period. Using the m ethodology in 

C hap ter 3, we test for s ta tio n a rity  with breaks in linear trend . T he break fraction is assum ed to
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be 10%, 20%,' • •, 90% of the sam ple, since these are the break fractions for which critical values 

are available.

The results for the break trend analysis are presented in T able 6.4.1. Except for the 

extended C P I series, for the series for which the linear trend  s ta tionarity  is rejected in the  last 

section, there exists a t  least one breaking trend  such th a t  the s ta tionarity  is not rejected a t the 

5% significance level. T he location of the  break for which the CUSUM sta tistic  is the sm allest is 

called the “o p tim al” break point. Because of the endogeneity of the search for the break point, 

the critical values need to be ad justed . T he correct critical values a re  calculated in C hap ter 3 

and are given in the  last colum n of T ables 3.2.5 and 3.2.6. T he m inim um  CUSUM sta tis tic  

(m CU ) in the  last colum n of T able 6.4.1 should be com pared w ith this set of critical values. 

Except for the  extended C PI series, there is no evidence against breaking trend . N ote th a t  the 

long run  variance estim ate used in the CUSUM test is from the A daptive QS estim ato r which 

im proves the  power of the test; therefore, the evidence here for breaking trend  is indeed very 

strong.

For com parison w ith previous work on breaking trend, we list the  “o p tim al” break 

fraction in T ab le  6.4.2. T he “optim al” break fraction is in broad agreem ent w ith th a t  in Perron 

(1989) th a t the G rea t Depression is the m ajor cause of break.

6.5. Sum m ary and  Conclusion

Most of th e  trad itional tests for un it root do  n o t reject the u n it root hypothesis for m ost 

of the  Nelson-Plosser series. Various tests for s ta tio n a rity  th a t are developed in earlier chapters 

reveal very strong  evidence against linear trend s ta tio n arity  for m ost of the series. However, 

when a  break in the  linear trend is specified, the evidence for un it root, or against s ta tionarity , 

a lm ost no longer exists. In th is sense, our new CUSUM test is in agreem ent w ith the  Perron 

approach. Note th a t  the em pirical results in th is chapter show th a t the modified Dickey-Fuller
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test introduced in Chapter 5 has very little power.

T h e evidence for breaking trend in th is chapter, as well as th a t  in th e  earlier literature , 

w arns aga in st th e  com m on practice of testing  for u n it roo t against a  linear trend  and , if  un it 

root is no t rejected, con tinu ing  to  te s t for cointegration . C are  should be taken  when deciding 

how best to  m odel a  m acroeconom ic tim e series. I t m ight be th a t the  d is trib u tio n  theory  w ith  a  

breaking trend  provides a  better approxim ation  to  the finite sam ple d is trib u tio n  th an  th a t  under 

th e  u n it root.
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Table 6.3.1 Application of Traditional Tests for Unit Root

to the Extended Nelson-Plosser Data Set

A. T he D ickey-Fuller T ests

V ariable
T r P rII k= 4 k= 8 k = 2 k=4 k= 8

R G N P 3 .3 5 * 2 . 8 8 2 . 7 4 2 5 .5 4 * * 2 2 .2 7 * * 5 6 .2 0 * * *
G N P 1 .7 4 1 .2 5 2 . 2 0 7 .4 0 4 . 4 0 1 9 .4 2 * *
P C R G N P 3 .4 4 * * 3 . 0 2 2 .9 1 2 6 .7 7 * * 2 5 .1 6 * * 9 6 .3 6 * * *
IP 3 .3 3 * 3 .2 2 * 2 . 8 5 2 3 • 8 0 * * 2 6 .6 3 * * 3 1 .3 3 * * *
EM P 2 . 8 7 3 .3 8 * 3 .6 5 * * 1 9 .4 1 * 2 4 .9 5 * * 1 5 7 • 9 3 * * *
U NEM P 3 .4 1 * * 3 .4 5 * * * 3 .3 9 * * * 2 6 .5 6 * * * 3 9 .4 8 * * * 1 9 0 .0 9 * * *
G N PD E F 1 .6 3 1 .4 5 1 .6 1 6 . 6 5 6 . 1 6 1 4 .3 0
C P I 0 . 5 9 1 .7 7 1 .4 9 1 .5 4 3 . 7 8 5 . 3 8
W A G E 2 . 1 2 1 .9 1 2 . 2 6 9 . 6 9 9 . 8 6 3 3 .3 2 * * *
R W A G E 1 .4 5 1 .0 9 0 . 8 6 7 .3 2 5 . 7 8 6 . 3 0
M ONEY 2 .5 1 2 .6 4 3 . 0 0 1 6 .2 8 2 2 .9 1 * * 7 6 3 .8 2 * * *
VEL 1 .3 2 1 .1 9 1 .3 6 3 . 9 9 2 . 7 4 2 . 9 2
BOND 1 .3 7 1 .8 1 0 .3 1 4 . 2 8 8 . 8 8 1 . 0 1
SP500 1 .9 2 1 .6 3 1 .1 6 8 . 5 4 6 . 8 9 4 . 5 0
Q R G D P 2 . 3 6 1 .9 8 2 . 2 1 1 1 .9 8 9 . 2 6 1 0 .4 0

B. T he  Phillips-Perron T ests

V ariable
Z ( t J Z ( a J

k=4 k=7

o1-̂II k= 4 k= 7 k = 1 0
RG N P 2 . 7 6 2 . 5 8 2 . 3 8 1 3 .9 0 1 1 .9 7 9 . 9 3
G N P 1 .5 4 1 .5 4 1 .5 6 5 . 1 6 5 . 1 7 5 . 3 0
P C R G N P 2 . 8 5 2 .6 7 2 . 4 8 1 4 .5 3 1 2 .5 9 1 0 .4 9
IP 3 .3 4 * 3 .1 6 * 3 . 0 8 2 1 . 0 2 * 1 8 .6 7 * 1 7 .5 5
EM P 2 . 7 6 2 .6 1 2 . 5 0 1 4 .8 7 1 3 .2 5 1 2 .0 9
UNEM P 3 .8 4 * * * 3 .7 4 * * * 3 .6 1 * * * 2 6 .4 8 * * * 2 5 .0 5 * * * 2 3 .0 9 * * *
G N PD E F 1 .3 9 1 .4 8 1 .5 3 4 . 2 8 4 . 8 0 5 . 1 0
C P I 0 . 3 0 0 . 3 7 0 . 3 9 0 . 7 3 0 . 9 3 0 . 9 7
W A G E 1 .8 3 1 . 8 8 1 .9 1 6 . 7 8 7 . 1 5 7 . 3 7
R W A G E 1 .3 3 1 .2 5 1 .2 6 5 . 5 2 5 . 0 4 5 .1 1
M ONEY 1 .9 4 2 . 0 7 2 . 0 8 8 . 6 6 9 . 7 3 9 . 7 8
VEL 1 .5 6 1 .4 4 1 .3 9 4 . 1 7 3 . 4 3 3 . 1 5
BOND 1 .5 7 1 .4 6 1 .3 9 5 . 1 8 4 . 5 6 4 . 1 2
SP500 1 .9 0 1 . 6 8 1 .7 0 7 .7 7 6 . 2 0 6 . 3 3
Q R G D P 1 .8 0 1 .8 0 1 .7 3 6 .9 7 7 . 0 0 6 . 5 4
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Note: (1) T he d a ta  are the  annual macroeconomic tim e series used in Nelson and Plosser (1982), 

an d  extended up to  1988 by Schotm an and  van Dijk (1991). T h e  last series is the post-W ar 

quarterly  real G N P  from C itibase.

(2) All the  series used in the  un it roo t test are in logarithm s except the  bond yield (BOND).

(3) t  and a  a re  the Augm ented D ickey-Fuller t  and  T (p - l)  s ta tistics w ith a  linear trend  (no 

trend  for U N EM P). Z(t) and  Z (a) are the corresponding Phillips-Perron corrected t  and  T (p - l)

sta tistics . T he  negative signs on the  values of the test s ta tis tics  are dropped for the ease of

presentation .

(4) T he asym pto tic  critical values a t  1%, 5% and 10% significance levels for the test sta tistics 

are , respectively,

for and Z (tp ), -3.43, -2.86, -2.57, for t t  and Z (tr ), -3.96, -3.41, -3.12, 

for 01^  and  Z (a (1), -20.7, -14.1, -11.3 for a r  and Z (a T), -29.5, -21.8, -18.3.

(5) T he corrections for Z (t) and Z (a) are calculated using the Newey-W est estim ato r with 

window w idth k.

(6 ) (*, **, ***) indicate being significant a t  (10%, 5%, 1%) respectively.
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T able 6.3.2 Application of the CUSUM and the F luctuation  T est for S ta tionarity  

and  the Modified Dickey-Fuller T est (Q ) for U nit R oot

A. Nelson-Plosser D ata  Set

CUSUM F luctuation
(r= 0 .1 5 ) (r= 0 .1 5 )

V ariable CU RS f l , Q
R G N P 0 . 7 3 1 .3 3 3 .2 1 - 0 . 7 5
G N P 2 .8 1 * * * 4 .4 6 * * * 9 .3 3 * * * 0 . 1 9
P C R G N P 0 . 5 5 1 .0 4 2 .4 7 - 0 . 9 9
IP 0 . 5 4 0 . 9 5 1 .7 8 - 1 . 4 9
EM P 0 .6 7 1 .3 0 2 .9 0 - 0 . 6 6
UNEM P 0 . 5 0 0 .7 2 1 . 1 2 - 2 . 1 1
G N PD E F 2 .3 2 * * * 4 .4 3 * * * 8 .5 6 * * * - 1 . 0 8
CPI 4 .9 6 * * * 9 .2 6 * * * 1 9 .8 1 * * * 0 .9 8
W A G E 2 .5 5 * * * 4 .3 5 * * * 7 .7 2 * * * - 0 . 0 1
R W A G E 0 .7 1 1 .3 4 3 .2 9 - 1 . 6 0
M ONEY 2 .0 9 * * * 3 .4 9 * * * 7 .0 6 * * * - 0 . 0 4
VEL 4 .7 2 * * * 9 .1 4 * * * 1 5 .7 9 * * * 0 . 1 4
BOND 3 .4 0 * * * 6 . 6 8 *** 1 0 .2 4 * * * 7 .8 6
SP500 2 .4 8 * * * 3 .8 0 * * * 7 .2 2 * * * - 0 . 0 3
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B. Extended Nelson-Plosser Data Set

V ariable

CUSUM
(r= 0 .1 5 )

CU RS

F luctuation
(r= 0 .1 5 )
FL, Q

R G N P 0 .4 4 0 .7 5 2 . 1 3 - 1 . 3 0
G N P 4 .5 3 * * * 7 .5 4 * * * 1 4 .2 8 * * * 0 . 3 4
P C R G N P 0 .3 5 0 . 6 6 1 .9 7 - 1 . 6 0
IP 0 .4 8 0 .9 2 1 .9 4 - 1 . 5 4
EM P 0 .5 1 0 . 9 2 2 . 7 0 - 0 . 5 2
UNEM P 0 .3 9 0 . 6 8 1 .4 2 - 2 . 6 9
G N PD E F 5 .3 8 * * * 1 0 . 1 0 *** 1 7 .6 0 * * * 0 . 3 0
C PI 6 . 8 8 *** 1 3 .2 3 * * * 1 6 • 0 9 * * * 2 . 1 7
W A G E , 4 .0 7 * * * 7 . 0 0 *** 1 2 .8 3 * * * 0 . 0 0
R W A G E 3 .5 2 * * * 6 .6 5 * * * 9 .1 3 * * * 2 . 4 9
MONEY 2 .9 5 * * * 5 .0 3 * * * 7 .4 8 * * * 1 .1 6
VEL 8 . 0 1 * ** 1 5 .6 2 * * * 3 1 .0 4 * * * - 0 . 6 8
BOND 5 .3 3 * * * 9 .8 1 * * * 1 8 .3 3 * * * 0 . 1 9
SP500 4 .2 7 * * * 7 . 1 2 *** 1 5 .4 2 * * * 0 . 2 6
Q R G D P 8 .4 8 * * * 1 5 .7 2 * * * 3 4 .3 5 * * * 0 .5 1

Note: T he long run variance is estim ated using the  A daptive A ndrews QS estim ato r. (* 

***) ind icate being significant a t  (10%, 5%, l%r) respectively.
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Table 6.3.3 Application of The Cauchy Tests With Linear Trend

to the Extended Nelson-Plosser Data Set

V ariable
W ithou t MA filter W ith  MA filter (1-0.5B)
c , C 2 c , c 2

R G N P -  1 .4 6 -  1 .3 2 -  0 . 9 2 -  0 . 6 7
G N P -  6 . 2 8 1 8 1 .9 8 * * * -  5 . 4 5 - 1 3 .3 3 * *
P C R G N P -  1 .6 4 -  1 .2 6 -  1 . 2 1 -  0 . 6 9
IP -  1 .4 1 -  1 .7 0 -  0 . 8 9 -  1 .3 6
EM P -  1 .9 1 -  0 .4 7 0 . 7 6 -  0 . 1 4
UNEM P 0 . 0 6 -  0 . 1 1 0 . 0 1 -  0 . 2 4
G N PD E F 6 .9 3 * 7 .4 3 * 4 . 3 7 3 .7 4
C PI 5 3 .6 8 * * 2 0 . 6 6 ** 1 7 .2 2 * * 7 9 .2 7 * * *
W A G E -  5 . 5 9 5 .5 9 -  5 . 1 5 5 . 6 5
R W A G E 1 .3 7 1 .6 2 0 . 9 8 0 . 8 9
MONEY 1 .9 0 2 .1 3 2 . 5 4 1 .3 0
VEL 8 .6 5 * 4 6 .7 0 * * 6 . 7 0 4 0 6 .8 5 * * *
BOND 4 . 7 8 4 .8 6 3 . 2 6 2 . 8 9
SP500 4 . 3 7 7 .6 7 * 2 . 6 5 6 .9 5 *
Q R G D P 2 5 .2 7 * * 2 1 .8 2 * * 6 1 .5 2 * * 1 7 .6 3 * *

Note: C j and C 2 are C auchy tests; C j is from Theorem  5.2.5 based on residuals; C 2 is based on 

o rthonorm al polynom ial regression. T he critical values for a  two-sided test a t  (1% , 5%, 10%) 

significance levels are (63.66, 12.71, 6.31), respectively. (*, **, ***) indicate being significant at 

(10%, 5%, 1%) respectively.
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Table 6.4.1 Results on Breaking Trend and Unit Root

A. Nelson-Plosser D ata  Set

r) (break fraction)
V ariable 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 9 mCU
R G N P 0 . 4 6 0 .3 9 0 .2 3 0 . 2 8 0 .3 1 0 .3 0 0 .4 1 0 . 5 0 0 .4 8 0 .2 3
G N P 2 .8 1 * 2 .3 2 * 0 .3 1 0 .2 7 0 . 4 2 0 .3 6 1 .2 4 * 2 .0 9 * 2 .4 0 * 0 .2 7
P C R G N P 0 . 3 5 0 .3 0 0 .2 7 0 . 2 9 0 . 2 9 0 .3 2 0 . 4 9 0 . 5 5 0 .5 3 0 .2 7
IP 0 . 4 9 0 .4 3 0 .4 0 0 . 3 8 0 . 4 2 0 . 3 2 0 .4 7 0 . 5 3 0 .5 5 0 .3 2
E M P 0 . 3 4 0 .3 0 0 .2 8 0 .2 7 0 . 3 2 0 . 6 4 0 .7 5 * 0 . 6 4 0 .5 8 0 .2 7
U N EM P 0 .4 2 0 .4 3 0 .4 1 0 . 5 2 0 .5 3 0 .6 7 0 .3 7 0 . 4 3 0 .4 8 0 .3 7
G N PD E F 3 .0 6 * 2 . 8 6 * 2 .7 1 * 2 .1 7 * 0 . 3 4 1 .4 4 * 1 .8 1 * 1 .5 4 * 1 .9 6 * 0 .3 4
C P I 1 .7 2 * 0 .4 7 0 .3 3 0 . 3 6 0 . 3 6 2 .7 3 * 3 .5 7 * 4 .1 2 * 4 .5 8 * 0 .3 3
W A G E 2 .8 3 * 2 .6 2 * 2 .4 6 * 0 . 2 5 0 . 3 9 1 .9 1 * 1 . 0 0 * 1 .8 4 * 2 .2 9 * 0 .2 5
R W A G E 0 . 3 6 0 .3 1 0 .2 7 0 . 2 9 0 . 2 9 0 .3 5 0 .4 3 0 .5 1 0 .5 6 0 .2 7
M ONEY 2 . 0 0 * 1 .7 5 * 1 .6 2 * 1 .5 0 * 0 . 3 5 1 .9 9 * 2 .8 3 * 2 .3 6 * 2 .3 3 * 0 . 3 5
VEL 1 .1 9 * 0 .4 6 0 .4 0 0 . 3 6 0 .3 1 0 . 4 2 0 . 4 3 0 . 5 5 0 .5 1 0 .3 1
BOND 2 .9 7  * 3 .0 4 * 3 .4 8 * 2 .5 0 * 0 .3 7 0 .3 7 2 .0 3 * 2 .5 5 * 2 .6 9 * 0 .3 7
SP500 2 . 1 2 * 1 . 0 1 0 .9 0 * 0 .4 4 0 . 3 8 0 .3 1 0 .2 3 0 . 2 9 0 .4 6 0 . 2 3

5% critical values
no trend 1 .2 7 1 .1 9 1 . 1 1 1 .0 4 1 . 0 0 1 .0 3 1 . 1 0 1 .1 9 1 .2 7 0 . 7 6
trend 0 . 8 3 0 .7 8 0 .7 2 0 .6 7 0 .6 4 0 .6 7 0 . 7 2 0 . 7 8 0 .8 2 0 .5 3
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B. Extended Nelson-Plosser Data Set

i] (break fraction)
V ariable 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 9 mCU
R G N P 0 .3 1 0 . 2 6 0 .3 4 0 .3 1 0 . 2 9 0 . 3 4 0 .3 3 0 . 4 0 0 , 4 5 0 . 2 6
G N P 4 .1 1 * 0 .4 9 0 .2 4 0 .4 0 0 .8 5 * 1 .7 6 * 2 .2 4 * 2 .4 5 * 2 .9 8 * 0 . 2 4
P C R G N P 0 . 2 8 0 .2 9 0 . 3 5 0 .2 9 0 . 3 2 0 .3 7 0 .3 6 0 . 3 3 0 . 3 5 0 .2 8
IP 0 .4 1 0 .3 9 0 .3 8 0 .3 6 0 . 3 6 0 . 4 4 0 .5 3 0 . 5 5 0 . 5 5 0 .3 6
E M P 0 . 3 7 0 .3 5 0 .3 1 0 .2 8 0 . 4 9 0 . 4 2 0 .3 8 0 . 3 9 0 . 4 0 0 .2 8
U N EM P 0 . 4 8 0 .3 6 0 .4 1 0 .6 2 0 .5 1 0 . 3 7 0 .4 2 0 . 4 8 0 . 4 7 0 .3 6
G N PD E F 5 .3 0 * 5 .1 0 * 3 .4 5 * 0 .4 1 1 .4 5 * 1 .8 7 * 1 .6 4 * 1 .7 5 * 0 . 7 4 0 .4 1
C PI 5 .4 0 * 4 .3 7 * 3 .4 7 * 3 .3 1 * 2 .1 7 * 3 .4 5 * 3 .3 4 * 4 .2 4 * 5 .8 9 * 2 .1 7 *
W A G E 3 .8 5 * 4 .0 6 * 0 . 3 6 0 .2 6 1 .1 4 * 1 .5 0 * 2 .0 3 2 .3 2 * 2 .2 8 * 0 .2 6
R W A G E 3 .4 5 * 3 .5 4 * 3 .2 4 * 2 .4 0 * 0 .3 1 0 . 3 9 0 .4 7 0 . 4 5 0 . 4 9 0 .3 1
M ONEY 3 .7 3 * 2 .8 5 * 2 .7 4 * 0 .3 0 2 . 1 1 * 2 .4 6 * 2 . 2 1 * 2 . 1 0 * 2 .3 6 * 0 .3 0
VEL 2 .6 3 * 1 .0 7 * 0 . 6 5 0 .4 6 0 . 3 3 0 . 3 9 0 .5 1 0 . 5 1 1 .4 3 * 0 .3 3
BOND 4 .8 4 * 3 .7 6 * 0 . 8 8 * 0 .3 7 0 . 2 4 0 . 2 5 0 .2 4 0 . 3 2 0 . 8 0 0 .2 4
SP500 2 .7 5 * 1 .0 9 * 0 . 5 2 0 .3 9 0 . 2 8 0 . 2 8 0 .2 7 0 . 4 6 1 .2 4 * 0 .2 7
Q R G D P 7 .7 0 * 7 .2 6 * 5 .4 3 * 0 .4 9 1 .7 7 * 1 .5 3 * 1 .6 5 * 3 .6 1 * 7 .0 2 * 0 .4 9

5% critical values
no trend 1 .2 7 1 .1 9 1 . 1 1 1 .0 4 1 . 0 0 1 .0 3 1 . 1 0 1 .1 9 1 .2 7 0 .7 6
trend 0 . 8 3 0 .7 8 0 .7 2 0 .6 7 0 .6 4 0 .6 7 0 .7 2 0 . 7 8 0 . 8 2 0 .5 3

Note: A s ta r (*) in th is table indictes significance a t 5%. However som e of th e  tests m ay be 

significant a t  a  lower significance level.
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Table C.1.2 Optimal Break Fraction

V ariable
Nelson-Plosser D a ta  Set 

CUSUM Perron
Extended D ata  Set 

CUSUM
R G N P 0 . 3 0 .3 3 0 . 2
G N P 0 . 4 0 .3 3 0 . 3
P C R G N P 0 . 3 0 . 3 3 0 . 1
IP 0 . 6 0 . 6 3 0 . 4
EM P 0 . 4 0 .4 9 0 . 4
G N P D E F 0 . 5 0 .4 9 0 . 4
C P I 0 . 3 0 . 6 3 0 . 5
W A G E 0 . 4 0 .4 1 0 . 4
R W A G E 0 . 3 0 .4 1 0 . 5
M ONEY 0 . 5 0 . 4 9 0 . 4
VEL 0 . 5 0 . 5 9 0 . 5
BOND 0 . 5 0 .4 1 0 . 5
SP500 0 . 7 0 . 5 9 0 . 7
Q R G D P 0 . 4 NA NA

Note: T h e  colum ns “CUSUM ” and  “Perron” are the  op tim al break fractions determ ined by 

m CU te st and  Perron (1989) respectively.
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C H A P T E R  7 

SUM M ARY AND CONCLUSION

T he purpose of th is d issertation  has been to  develop several new tests  for s ta tio n a rity  

and  a  new te s t for un it root. T he tests developed in the  previous chap ters all have some 

superior properties either in finite sam ples or in large sam ples.

A un it root process is equivalent, to  a  stochastic trend . Therefore, tests  for param eter 

s tab ility  should have good power against unit roo t processes. In C h ap te r 3, for th e  case of 

trend ing  regressors, we derived the asym pto tic  d is tribu tions of th e  CUSUM  test using OLS 

residuals and  o f the  param eter fluctuation tes t over subsam ples. S im ulation  shows th a t these 

tw o tes ts  have good power aga inst the un it root a lternative . W e also further developed the 

CUSUM  test when a  break in the trend is allowed under the null hypothesis, and  discussed the 

issue o f the  “op tim al” selection of the break point.

Beginning w ith Phillips (1937), in the context o f te s t for un it roo t and  s ta tio n a rity , the  

sh o rt run  dynam ics have been corrected by nonparam etric  m ethods. T h e  nonparam etric  

es tim ation  of the nuisance param eter (i. e. the  long run variance) can crucially affect the  finite 

sam ple properties of th e  tests. T he asym pto tic  d istribu tions o f the  te sts  for s ta tio n a rity  are 

often proportional to  the square root of the long run variance. If, as suggested by Phillips

(1987) and  Phillips and Perron (1988). the detrended series is used in the  estim ation  o f the long 

run  variance, the  es tim ate  diverges to infinity under u n it root. Since th e  es tim ate  o f  the  long 

run  variance appears in the denom inator o f the  tests s ta tistics , the  power o f the te sts  is affected. 

In  C hap ter 3, we propose an  adap tive  estim ato r o f the  long run  variance th a t  approaches a  finite
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co n stan t under both the null and the alternative. Therefore, the  tests using our adap tive  

es tim a to r should have superior power. S im ulation shows th a t indeed the power of the tests 

im proves when the  adap tive estim ato r is used.

T he  finite sam ple properties of a consistent es tim ato r of th e  long run  variance can be 

very poor. Therefore, when the estim ate of the long run variance is used in constructing  a  test, 

the  outcom e of th e  te st may be dependent on the way the  long run  variance is estim ated . In 

C hap te r 4, we generalize the C auchy test of Bierens (1991a) to  the case o f a  general 

determ in istic  tren d , possibly w ith breaks; several Cauchy tests were proposed. T h e  C auchy tests 

avoid having to  es tim a te  the nuisance param eter. A lthough the  te s t is constructed  differently 

depending on the  n a tu re  of the determ inistic trend , the asym pto tic  d is tribu tion  under the  null of 

s ta tio n a rity  is alw ays standard  Cauchy. S im ulation shows th a t the tests have weak power 

aga in st pure random  walk alternatives, bu t good power against general un it roo t alternatives.

In C hap te r 5, we propose another transform ation of the Dickey-Fuller te s t for un it root. 

O ur proposed transform ation  is different from th a t of Phillips (1987) and P hillips and Perron

(1988) in th a t ours does not need the estim ate  of the long run variance. G iven the  problem s 

w ith m ost of the long run variance estim ators in finite sam ples, our test can po tentia lly  behave 

be tte r  in finite sam ples. We also discussed ways to  enhance the  power o f the test.

In  C hap ter 6 , all the new tests developed in the previous chapters were applied to  the  

extended Nelson-Plosser d a ta  set. W hile the CUSUM test and  the  F luctua tion  test reject linear 

tren d  s ta tio n a rity  for m ost o f the  tim e series, there is no evidence aga inst s ta tio n a rity  around a  

linear trend  w ith an one-tim e break (except for the Consum er Price Index series). T h is  lends 

m ore support to  the  argum ent of Perron (1989) for a  breaking trend  characterization  of m ost of 

the  historical m acroeconom ic tim e series.

T he  poor behavior o f  the existing long run variance estim ato rs in  finite sam ples 

orig inates from the  strong short run dependence (autocorrelation) in the tim e series. I t seems
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m ore fru itfu l to model both the long run and the short run dynam ics jo in tly . Since all the 

d is tribu tion  theories involving un it root processes are asym pto tic , fu tu re research should pay 

m ore a tten tio n  to  the quality  of approxim ation  to  the d istribu tions in finite sam ples.

As an  extension o f the u n it root tests, the concept of cointegration , introduced by Engle 

and  G ranger (1987), has been an  active area of econom etric research. W hile the modeling of 

m u ltip le  tim e series using cointegration m ethod is well developed, especially since the 

publication  of a  series of papers by Johansen and  coauthors (1988, 1990, 1991), in troducing the 

m ethod  of cointegration  to  panel d a ta  analysis is a  challenging and  fruitful a rea  for future 

research.
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